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^ Abstract. In this note we introduce primitive cohomology groups of 

locally conformally symplectic manifolds (PI^",uj,9). We study the re- 
lation between the primitive cohomology groups and the Lichnerowicz- 
Novikov cohomology groups of {M^",u!,9), using and extending the 
' technique of spectral sequences developed by Di Pietro and Vinogradov 

for symplectic manifolds. We discuss related results by many peoples, 
e.g. Bouche, Lychagin, Rumin, Tseng- Yau, in light of our spectral se- 
i^H ' quences. We calculate the primitive cohomology groups of a (2n + 2)- 

, dimensional locally conformally symplectic nilmanifold as well as those 

of a l.c.s. solvmanifold. We show that the l.c.s. solvmanifold is a map- 
ping torus of a contactomorphism, which is not isotopic to the identity. 
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1. Introduction 

A differentiable manifold (M'^^,uj,6) provided with a non-degenerate 2- 
form CO and a closed 1-form 9 is called a locally conformally symplectic (l.c.s.) 
manifold, if dcv = —oj A9, d9 = 0. The 1-form 9 is called the Lee form of oj. 

H.V.L. is partially supported by the MSMT project "Eduard Cech Research Center", 
J.V. is partially supported by the grant GACR 201/08/0397. 
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The class of l.c.s. manifolds has attracted strong interests among geome- 
ters in recent years. For instance, Vaisman showed that l.c.s. manifolds may 
be viewed as phase spaces for a natural generalization of Hamiltonian dy- 
namics pO]. Bande and Kotschick showed that a pair composed of a contact 
manifold and a contactomorphism is naturally associated with a l.c.s. man- 
ifold [3] (see also Proposition 17.31 and Proposition 17.41 below) . Furthermore, 
l.c.s. manifolds together with contact manifolds are the only transitive Ja- 
cobi manifolds [22j Remark 2.10]. It is also worth mentioning that locally 
conformally Kahler manifolds, a natural subclass of l.c.s. manifolds, are 
actively studied in complex geometry, e.g. see [15], [31] . 

Note that a l.c.s. manifold is locally conformally equivalent to a symplec- 
tic manifold, i.e. locally 9 = df and u = e~fuJo, dujQ = 0. By the Darboux 
theorem all symplectic manifolds of the same dimension are locally equiv- 
alent. Hence symplectic manifolds have only global invariants, and coho- 
mological invariants are most natural among them. First (co)homological 
symplectic invariants were proposed in works by Gromov and Floer then 
followed by works by McDuff, Hofer and Salamon, Fukaya and Ono, Ruan, 
Tian, Witten and many others, including the first author of this note. This 
approach was based on the use of the theory of elliptic differential operators 
with purpose to make regular certain Morse (co)homology theory or the 
intersection theory on the infinite dimensional loop space on a symplectic 
manifold M , or on the space of holomorphic curves on M2". This ehiptic 
(co)homology theory has huge success, but the computational part of the 
theory is quite complicated. Almost at the same time, a "linear" symplectic 
cohomology theory has been developed, beginning with the paper by Bouche 
[1] , and then by other peoples (see pjj , [7j , [29j ) . This theory is mostly mo- 
tivated by analogues in Kahler geometry, the Dolbeault theory, and the 
cohomology theory for differential equations developed by Vinogradov and 
his school. 

This linear symplectic cohomology theory has not yet drawn as much 
attention as it, to our opinion, should have. This is, probably, due to the fact 
that its potentially important applications are still in a phase of elaboration. 
The computational part of the linear theory seems to be not so complicated 
as in the elliptic theory, and this is an advantage of its. 

In our note we further develop the linear symplectic cohomology theory 
and extend it to l.c.s. manifolds. This is possible due to the validity of the 
Lefschetz decomposition for these manifolds. The main tool is the spectral 
sequence developed by Di Pietro and Vinogradov for symplectic manifolds, 
which has been now adapted and developed further for l.c.s. manifolds. We 
obtain new results and applications even for symplectic manifolds. In par- 
ticular we unify various isolated results of the linear symplectic cohomology 
theory. 

The structure of this note is as follows. In section 2 we introduce impor- 
tant linear operators on l.c.s. manifolds and study their properties. The 
Lefschetz filtration on the space 0*(M^") of a l.c.s. manifold {M'^",uj,9) 
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is discussed in section 3 together with differential operators respecting this 
filtration. Then we use this filtration to construct primitive (co)homology 
groups for (M^",a;,0) (Definition 13. Sp . Some simple properties of these 
groups are fixed in Proposition 13.91 Proposition 13.101 and Proposition 13.131 
and their relations with previously proposed constructions are discussed (Re- 
mark [XTS]). The spectral sequence associated with the Lefschetz filtration is 
studied in section 4. In particular, its E'l-term is compared with the prim- 
itive (co)homological groups (Lemma 14. ip and the conformal invariance of 
this term is proven (Theorem 14. 6[) . In section 5 we find some cohomological 
conditions on {M'^'^,uj,9) under which this spectral sequence stabilizes at 
the £'t-term (Theorems 15.21 15.81 15.13P . The last of these theorems gives an 
answer to the Tseng- Yau question on relations between the primitive coho- 
mology and the de Rham cohomology of a compact symplectic manifold. In 
section 6 we specialize the previous theory to Kahler manifolds and prove 
that for Kahler manifolds the spectral sequence stabilizes already at its first 
term (Theorem 16. 2p . In section 7 we compute the primitive cohomology 
groups of a compact (2n + 2)-dimensional l.c.s. nilmanifold and a compact 
4-dimensional l.c.s. solvmanifold (Propositions 17.11 17. 2p . We study some 
properties of primitive cohomology groups of l.c.s. manifolds associated 
with a co-orientation preserving contactomorphism (Proposition 17. 4p . In 
particular, we show that the compact l.c.s. solvmanifold is associated with 
a non-trivial co-orientation preserving contactomorphism (Theorem 17. 6p . 

The cohomological theory developed in this note and its analogues have a 
much wider area of applications. For instance, it may be naturally adopted 
to the class of Poisson symplectic stratified spaces introduced in (17] , since 
these singular symplectic spaces also enjoy the Lefschetz decomposition. 

This project was started as a joint work of us with Alexandre Vinogradov 
based on H.V.L. preliminary results on l.c.s. manifolds. Alexandre Vino- 
gradov has suggested us to extend the results to a slightly larger category 
of twisted symplectic manifolds. He made considerable contributions to im- 
prove the original text written by H.V.L., which we appreciate very much. 
Eventually we have noticed that our viewpoints are so different, so we de- 
cide to write the subject separately: in this paper we deal only with l.c.s. 
manifolds and Alexandre Vinogradov will deal with the extension to twisted 
symplectic manifolds. 



In this section we introduce and study basic linear differential operators 
acting on differential forms on a l.c.s. manifold {M'^'^,uj,9). 



The first operator we need is the Lichnerowicz deformed differential dg : 



2. Basic operators on a l.c.s. manifold 
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Clearly dg = and dg{uj) = 0. The resulting Lichnerowicz cohomology 
groups (also called the Novikov cohomology groups) are important conformal 
invariants of I.e. s. manifolds. 

Recall that two l.c.s. forms lo and u' on M^" are conformally equivalent, 
if u' = ±{e'^)u} for some / G C°°(M^"). In this case the corresponding Lee 
forms 9 and 6' are cohomologous: 9' = 9 ^ df, hence dg and dgi are gauge 
equivalent 

dei{a) = {do =f dfA)a = e^^ d{e'^^ a). 

It follows that H*{W{M'^'^),de) and H* {n* (M^"^) , d0>) are isomorphic. The 
isomorphism // : H* {n* {M'^'^) , dg) H*{n*{M^''^),dg>) is given by the 
conformal transformation [a] i— )• [ibe-^a]. 

Note that dg does not satisfy the Leibniz property, unless ^ = 0, since 

(2.2) dg{a A^) = dgaAl3 + {-l^^^^a A d/3 = da A /3 + {-l^^^'^a A dgl3. 

Thus the cohomology group i/*(J7*(M^"), dg) does not have a ring struc- 
ture, unless 9 = 0. The formula (p:2|) also implies that H* {n* {M'^''') , dg) is 
a iJ*(M, M)-module. 

Now let us consider the next basic linear operator 

(2.3) L:n*{M^'^)^n*{M^''), a^uAa. 
Substituting a := cj in (12. 2p we get a nice relation between d, L and dg 

(2.4) dgL = Ld. 

The identity (j2.4p suggests us to consider a family of operators dkg, which 
we abbreviate as dk if no misunderstanding occurs. We get immediately 
from ([23]) 



The following Lemma is a generalization of (12. 2p and it plays an important 
role in our study of the spectral sequences introduced in later sections. It is 
obtained by straightforward calculations, so we omit its proof. 

Lemma 2.1. For any a,/3 G r2*(M^") we have 



Formula yields the induced map H*{n*{M^''),dk)xH*{n*{M^''),di) 
H*in*{M^^),dk+i). 

Denote by G^j the section of the bundle A^TM^" such that for all x G M^"- 
the linear map iG^{x) ■ T*M'^^ — ^ Tj^M^", V i-> iv{G^{x)), is the inverse of 
the map : T^M^" ^ T*M'^'', V ^ iyuj. Clearly defines a bilinear 
pairing: r*M2" x TW^" G°°{M'^''). Denote by A^G^ the associated 
pairing: AP{T*M) x Af{T*M) C"^(M2"). The l.c.s. form u and the 



(2.5) 




dk+i{a Af3) = dkaAP + (-l)^"»"a A di/3. 



dko A dil3 = dk+i{a A dil3). 
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associated bi- vector field G^j define a l.c.s. star operator : QP(M^") — > 

^2n-p^^2n^ aS folloWS [H §2.1]. 

(2.8) *^ : 17P(m2") ^ 1^2n-p(^2n)^ ^ ^ _ APG^(/3, a) A 

n! 

for all a, /3 G riP(Af^"). Using |S1 Lemma 2.1.2] we get easily 

(2.9) *l = Id. 

We define the l.c.s. adjoint L* of L and the l.c.s. adjoint {dk)lj of d^ with 
respect to the l.c.s. form uj as follows 

(2.10) L* : !^p(M2") ^ ^^-^(M^"), ^ - *^ L *^ a^. 

(2.11) (4): : n^'(M2") ^ J7P-1(m2-), ^ {-ly *^ d^^k-p (a^)- 

For symplectic manifolds our definition of (dfc)^ agrees with the one in [35^ 
§1], it is different from the one in [5l Theorem 2.2.1] by sign (-1). 

A section g of the bundle S'^T*M'^^ is called a compatible metric, if there 
is an almost complex structure J on M^"' such that g{X,Y) = ui{X, JY). 
In this case J is called a compatible almost complex structure. Recall that 
the Hodge operator *g is defined as follows 

, .n 

(2.12) *g : 1^p(m2") ^ 1^2n-p(^2n,)^ ^ ^ _ A^'G3(/3, a) A — , 

where G r(S^rM^") is the "inverse of , i.e. it is defined in the same 
way as we define above: for all x G M^" the linear map iGg(x) '■ T*M'^'^ — )• 
T^M, V ^ iviGg{x)), is the inverse of the map Ig : T^M T*M, V ^ 
iv{g)- We also denote by A^Gg the associated pairing: Ap{T*M)xAp(T*M) - 
C°^(M2") induced by Gg, (see also [5l p.l05] for comparing A^G^^ with 

A^Gg). 

Using |32^ Lemma 5.5] we get easily 

(2.13) *l (aP) = {-l)PaP for G 17P(M2"). 

Lemma 2.2. 1. The space of metrics compatible with a given l.c.s. form 
UJ G r2^(M^") is contractible. 

2. (cf. [321 chapter II, 6.2. l]j In the presence of a compatible metric g on 
M^" we have 

(2.14) L* = A 

where A = {*g)~^L*g is the adjoint of L with respect to the metric g. 

Proof. 1. The proof for the first assertion goes in the same way as for the 
case of symplectic manifolds, so we omit its proof. 

2. The second assertion of Lemma 12.21 is a simple consequence of the fol- 
lowing 
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Lemma 2.3. [5j Theorem 2.4] Assume that {M'^'^,J,g) is an almost Her- 
mitian manifold and oj is the associated almost symplectic form. For a G 
0P'9(M2") we have 

*uj{a) = *g (a). 

Here we extend *u} O'^d *g C-linearly on ri*(M^") (8) C. 

This completes the proof of Lemma 12.21 □ 

Let TTfc : Q*(M2") ^ rj'=(M2") be the projection. Denote E^=o(^ " 
by A. Using well-known identities in Kahler geometry for (A, L,A), see 
e.g. [Ml (IV), chapter I], [H p. 121], [Ml Lemma 6.19], Lemma [22] implies 
immediately the following 

Corollary 2.4. (cf. [21^ §1], [Ml Corollary 1.6]j On any l.c.s. manifold 
(M2",a;,6') we have 

(2.15) L* = i{G^), 

(2.16) [L*,L] = A, [A,L\ = -2L, [A,L*] = 2L*. 

The relation in (12.16P shows that {L*,L,A) forms a s/2-triple, which has 
many important consequences for twisted symplectic manifolds. 

Proposition 2.5. The following commutation relation hold 

(2.17) L*{dk): = (dk-iZL*. 

Proof. Clearly (I2.17P is obtained from (12. Sp by applying the LHS and RHS 
of (12. 5p the l.c.s. star operator on the left and on the right, taking into 
account I^Mj. □ 

3. Primitive forms and primitive (co)homologies 

In this section we introduce the notions of primitive forms and coeffective 
forms on a l.c.s. manifold (M^",cj,^) using the linear operators L and L* 
defined in the previous section. As in the symplectic case we get a Lefschetz 
decomposition of the space 0*(M^") induced by primitive forms and coef- 
fective forms together with various linear differential operators respecting 
this decomposition as well as an associated filtration (Propositions 13.51 and 
13. 6p . The natural splitting of the introduced differential operators accord- 
ing to the Lefschetz decomposition leads to new (co) homology groups of 
(M2",a;,6') (Definition [SSD- In Propositions [3Jl [3l0l [3l3] we fix simple 
properties of these new (co) homology groups. At the end of this section we 
compare our construction with related constructions in |21j . [3], [25]) |10j . 

Definition 3.1. ([3], [M], cf. [M], [IS]) An element a € A'=T*M2", < 
k < n, is called primitive (or effective), if L'^~^~^^a = 0. An element a G 
A*^r^M^", n -|- 1 < A; < 2n, is called primitive, if a = 0. An element 
13 G K^T*M'^'' is called coeffective, if L/3 = 0. 
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Remark 3.2. 1. Wells in [HI] refers to Lefschetz [18j and Weil [33] for 
the terminology "Lefschetz decomposition" and "primitive forms". Many 
mathematicians prefer "Lepage decomposition" and "effective forms" fol- 
lowing Lepage in [19] . 

2. Clearly the notion of a primitive form as well as the notion of coeffective 
form depends only on the conformal class of a l.c.s. form oo. 

The relation (j2.16p between linear operators L, L* and A leads to Lemma 
l3.3l below characterizing primitive forms and coeffective forms. The resulting 
Lefschetz decomposition of the space AT*M^" is a direct consequence of the 
s/(2)-module theory. Various variants of Lemma l3.3l for symplectic manifolds 
appeared in many works, beginning possibly with a paper by Lepage [l9] . 
with later applications in Kahler geometry |33j , |13j . |32j . in a theory of 
second-order differential equations [21], in symplectic geometry [1], [35], etc.. 

We denote by Pj^(M^") the set of primitive elements in A'^T^M^". 

Lemma 3.3. 1. An element a G A^T*M'^"', is primitive, if and only if 
L*a = 0. 

2. An element fi G A'^T^M^" is coeffective, if and only if is primitive. 

3. We have the following Lefschetz decomposition for n > k >0 
(3.1) 

(3.2) A'^+'^T^M^" = L'=P^"-'=(m2") e L^+^P^""'="=^(m2") • • • . 

From Lemma 13.31 we get immediately 

Corollary 3.4. 1. : A"-'=r^*M2" ^ A"+'=r*M2" is an isomorphism, 
for < k < n. 

2. L : A"-'=-2t^*m2" ^ A^-'^T^TM^" is infective, for k = -1,0,1, ■■ ■ ,n-2. 

It is useful to introduce the following notations. Denote by p^-^M"^^ 
the subbundle in AT*M^'' whose fiber is ^^-^(M^"). Let ^"-'^(M^") c 
0"~'^(M^") be the space of all smooth (n— /c)-forms with values in p'r^-^ m"^"- . 
Elements of P"'~'^(M^") are called primitive (n — k)- forms. Let us set (cf. 

m) 

(3.3) := L'V for < s, r < n. 

Put V*{M'^'^) := erViM"^"-). Then Lemma [33] yields the following decom- 
positions, which we call the first and second Lefschetz decompositions 

(3.4) 17*(m2") =p*(M2")eL17*(M2") = 

0<2s+r<2n 

Now we consider the interplay between the Lefschetz decompositions and 
the linear differential operators introduced in the previous section. Since 

we have a natural differential 
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ideal Jp C (J^*(M2"), dp) generated by LQ*{M^''). This differential ideal 
defines the following filtration on K* := r2*(M^"). 

(3.5) D F'^K; := L'^K; D • • • D F^+^K; = {0}. 

Proposition 3.5. 1. The subset F^K* is stable with respect to dp for all k 
and p. 

2. For any 7 G ri^(M^") we have 

Proof. 1. The first assertion of Proposition 13.51 follows from the identity 
dpiu'' A (/>) = w'^ A dp-kcp for G 0*(M2"). 

2. Assume that a G V'^M'^'') = /:0,n-k_ rj.^^^ L^+^{-i ^ a) = 7 A 
L^^^{a) = 0. Taking into account the decomposition of 7 A a according to 
the second Lefschetz decomposition we get the second assertion of Proposi- 
tion 13.51 immediately. □ 

We observe that the decompositions (|3.ip . (|3.2p and (|3.4p are compatible 
with the filtration (|3.5p in the following sense. For any p > we have 
(3.6) 

r 7t — fc 1 

FPR; n 17"-'=(M2") = ^ P (y+i,n-k-2p-2i ^ > q and (n - A;)/2 > p, 

(3.7) F^K; n 0"-^(m2") = if A: > and (n - k)/2 < p, 

(3.8) FPR; n 0"+'=(m2") = if A: > and (n + A;)/2 < p, 
(3.9) 

r n-\-k 1 

F^i^; n !^"+'=(m2") = el4 ^£P+^'"-^-2p-2i if A; > and (n + A;)/2 > p. 

Proposition 3.6. The following inclusions hold 

(3.10) drCP'''-P C £P''?-P+i e 

(3.11) {dr)lV"-^{M'^'') C P"-'^-1(m2"). 

Proo/. Let /3 G ^^(M^") = £0'?, so = 0. By ([23]) we get 

(3.12) = d,+„_,+iL"-'?+i/? = 0. 

Using ([31]) and ^ we get d^^S G P^+^M^") + LP'?-1(m2«). This proves 
the inclusion (|3.10p of Proposition 13.61 for p = 0. The inclusion (|3.10p for 
p 7^ follows from the particular case p = and the identity drL^ = L^dr-p. 
Assume that /3 G ^""''(M^"). Taking into account (f2l71) we get 

L*{drrj = {dr.l)lL*P, 

which is zero since (3 is primitive. Hence {dr)'^/3 is also primitive. This 
proves (|3.1ip and completes the proof of Proposition 13.61 □ 
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Now we will show several consequences of Proposition 13.61 Denote by Upr 
the projection Q*{M'^"') — t- V*{M'^^) according to the Lefschetz decomposi- 
tion in (I33D. Set 

'.= T\pifdj^. 

Using the first Lefschetz decomposition and Proposition 13.61 we decompose 
the operator 4 : 0'?(M2") ni+^{M'^'') for < g < n as follows (cf. [29j). 

(3.13) dk = dl + Ld^, 

where d~ : 1^9(71^2") 1^9-1(m2"), < g < n. Note that d~ is well-defined, 
since L : {M'^'^) Q^^^{M'^^') is injective. It is straightforward to 
check 

(3.14) d+{C'''~) = if s > 1, and d^i^'"^) C C'^-K 

Lemma 3.7. (cf. \29\ Lemma 2.5, II]) The operators d^ , d^_^ satisfy the 
following properties 

(3.15) (4)'(«^) = 0, 

(3.16) d^_id^(a^) = 0, ifq<n, 

(3.17) ((i^4+4_i(i^)a« = 0, ifq<n-l, 

(3.18) (4_i):(dfc):(a^) = 0. 

Proof. We use the equality d| = in the form dk{d'^ + Ld^) = 0. Using 
(p3]) we get 

(4? + mdt + dUd^) + L%_,d^ = 0. 

Now taking into account (j3.14|) and the injectivity of the operators L : 
j^9(M2'^) ^ Qi+^{M^'') and : Qi-^M^"") Q1+^{M'^'') for g < n - 1 
we obtain (l3l^ . (I3l^ . and ([XTT]) . 

Finally, (j3.18p is a consequence of 4 = and *l = Id. □ 

Proposition 13.61 and Lemma 13.71 lead to new cohomology groups and ho- 
mology groups associated with a l.c.s. manifold {M'^^,uj,6). We observe 
that V*{M'^^) is stable under the action of the operators d^, {dk)lj, d^. 

Definition 3.8. Assume that < g < n — 1. 

The k -plus-primitive q-th cohomology group of {M'^"',u,9) is defined by 

^ ^ ^ ^ ^' fc^ 4(7^9-1(71^2")) 

The k-primitive q-th-homology group of {M'^"',uj,6) is defined by 



(3.20) if,(p-(M-),(4);):- (4,,);(P'«(M-)) ' 

The k -minus-primitive q-th homology group of {M'^"',lo,9) is defined by 

f3 2n ^7:^*^/1^2"^ - kerd-:P''(M2")^p9-i(M2») 

(3.21) i/,(P(M ),d,).- d,-^^(P9-M(M2")) • 
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Now we show few simple properties of the associated (co)homology groups 
of a l.c.s. manifolds. Note that the formula (13.23P below has been proved in 
[291 Proposition 3.15] for compact symplectic manifolds 



Proposition 3.9. Assume that (M^",a;,^) is a l.c.s. manifold, n>2. 

1. Suppose that [{k - 1)6] / € H^{M'^'',M). Then 

(3.22) H\V*{M^''),d+) = H\n*{M^''),dk). 

2. Suppose that [{k - 1)9] = G H^M^'^R). Then 
(3.23) 

H\V*{M^''), 4) = H\n*iM^''), dg) if M / G H\n*{M^''),de), 
(3.24) 

H\V*{M^''),d+) = H\n*{M'^''),de)eRtf [u] = £ H\n*{M'^''),dg), 

where R is the 1-dimensional vector space generated by p £ {V* {M"^"^) , d^) 
with dkP = 00. 

Proof. 1. Assume that 7^ a G ^'^(M^") and d+a = 0, i.e. [a] G 
/fi(p*(M2'^),d+). Since d+a = we get 4a = L/, where / G C~(M2"). 
Assume that / / 0. Using d\a = we get Ld^-if = 0, which implies 
dk-if = 0, since L is injective. The equality 4_i/ = implies that 4-1 is 
gauge equivalent to d. This contradicts the assumption of Proposition l3.9i l. 
Hence / = 0. It follows 4a = 0. Using = dkh for all h G ^"(M^") we 
get (I3.22P immediately. 

2. Now we assume that [{k-l)6] = G i/^(M^",R), ore equivalently 4-i 
is gauge equivalent to the canonical connection : 4-i = e^de~^ = d — dhf\ 
for some h G C°°(M^"). In this case, as above, 4o = Lf implies that 
4-i/ = 0, and hence / = ce^. 

a) Assume that ([3:^3]) holds. If c / 0, then [e^uj] = G {M'^'^ , dk) . 
Since {k—l)9 = —dh we get dg—dhA is gauge equivalent to 4- It follows that 
[w] = G H'^{M'^'^,dg). This contradicts the assumption of (lOHl) . Hence 
c = 0. In this case we have 4« = 0, and therefore [e~'^a] G H^{M'^^,dg). 
Taking into account d^ f = dkf for any / G P°(M2") = ^^^(M^") we obtain 
(13:23]) . 

b) Now assume that (f3:2i]) holds. Then e^uj = dkP for some p G VL^{M'^''). 
In this case dk{a) = Lf = ojce^ implies that 4(o — cp) = 0. We con- 
clude that if (i^(a) = then a = cp + /3 where 4(/3) = 0. Clearly 
[/?] G i?^(M2",4) = iJi(M2",4). This proves (irai) and completes the 
proof of Proposition 13. 91 □ 

Proposition 3.10. (cf. [29l Lemma 2.7, part II] j Assume that < k < n. 
IfaG P'=(M2"), t/ien 

(3.25) 4 (« ) = ^731^- 

Consequently i/fe(P*(M2"), 4) = iffc(P*(M2"), (4)*). 
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Proof. It suffices to prove ()3.25p locally. Note that locally dg = d — df f\. In 
this case {d — df f\)uj = implies oj = ujq with dujQ = 0. Next we compare 
and *t^o using (12. 8|) and the equality = e~^G^^^. 

n n 

n\ n! 
where (3'', a'' £ [^^(M^"). It follows that 

(3.26) *^ (a^) = e^"-'^)^ (a'^). 

Let a'^ G P^(M^"), < < n. Denote by (d)*^^ the symplectic adjoint of 
d with respect to wq- The formula (|3.27p below, which is a partial case of 
(j3.25p for symplectic manifold, has been proved in 129, Lemma 2.7, part II]. 
(We observe that their operator d^ differs from our operator {d)2jQ by sign 

(-1)0 

(3.27) d-{a')- 



n — k + 1 

Using dn+r-ka = e("+'"-^)^d(e-("+''-'')^a) we obtain from (13:261) 
{drYJa'') = (-1)^ *^ dn+r-k *c. (a^) = 

= (_l)feg(ri-(2n-fc+l))/ ^{n+r-k)f^^^-{n+r-k)f^^{n-k)f 

(3.28) = (-l)'=e(^-i)^ d{e-^f a'') = 

(3.29) = e-f{{dZy + (-1)^= {-r)df A *^,a''). 
Substituting r = 0, we get from (j3.29p 

(3.30) {d)l^^{a') = ef {d)la\ 
Next we compare d~ with d~ . 

(3.31) dr{a^) = e'fd{e-''fa^) = e''^[d+{e-^^a'') + ojq A d-e-'^^a^ 

Since the Lefschetz decomposition of ri(M^") is invariant under confornial 
transformations we get from (I3.3ip 

(3.32) d-{a^) = e('-i)-^d-(e-"^a'=). 
Combining ([3:32]) with ([3:271) we get 

(3.33) d-(a^) = e(-^)/ ^'^-°^f' 

Taking into account (I3.30p and (I3.28P we obtain from p.33p 



This proves (I3.25p . 

Clearly the second assertion of Proposition 13.101 follows from ([3.25P . This 
completes the proof of Proposition I3.10[ □ 
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Let J be a compatible almost complex structure on a l.c.s. manifold 
(M2",w,0). The complexified space r^(M2") := (r*(M2") ® C is decom- 
posed into eigen-subspaces rP''?(M2"). Let UP^i : r^(M2") ^ T'p^i{M'^'') be 
the projection. Set 

J ■= ^(V^f-^n^'^. 

In what follows we want to apply the Hodge theory for compact l.c.s. 

T2n 



manifold {M ,uj,6) provided with a compatible metric g. First we derive 

i+r of d+ 



a formula for the formal adjoint of d+ : V*{M'^") := V*{M'^'^'' 



V*{]VP"-) C $7*(M^"). For any operator D acting on a subbundle E C 
il*(M^") we denote by (Z))* the formal adjoint of D. 

Lemma 3.11. For any a G V*{M'^"-) we have 

(3.35) {d+na) = -*g{d^i)*g{a). 

Proof. First, we want to compute the formal adjoint (di)* oi di = d + 19 A : 
J]*(M2") ^ n*{M^'^). It is known that [32l §5.1.2] 

(3.36) {dy = -*gd*g. 
Since 9 A is the symbol of d we get from ()3.36p 

(3.37) {WA)* = *gl9 A*g. 

It follows from II^TM) and ([071) 

(3.38) {dlY = -*g d-l *g . 

Using ([21^ we get for a £ P*(M2") 

(3.39) {LdlY{a) = {dl)*K{a) = 0. 

It follows from ([335]) and ([339]) that for a G P*(M2") 

(3.40) «)*(«) = -*3(d_0*3 (a). 

This proves ([335]) . which is consistent with [291 (3.2), part II], if (M^",^^) 
is a symplectic manifold. □ 

Lemma 3.12. (cf. [29] Lemma 3.4, part II] J iei J he a compatible almost 
complex structure on a l.c.s. manifold {M'^^,uj,9), g the associated com- 
patible metric and *g the Hodge star operator with respect to g. Then for 
a'',a^-'^ G P*(M2"), 0<k<n, we have 

(3.41) J{d+rj-Ha>') = {n-k + l)C,+fc_„(«^), 

(3.42) Jd+J-\a'-') = {n-k + l){dZi+,_J*{a'-'). 
Proof. Using [5, Theorem 2.4], see also Lemma |2.3[ we get easily 

(3.43) J = *g*^. 
By (im]l we get from ^Mh 

(3.44) J-\a'') = *^*g{-l)'{a''). 
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Combining (fOIjl with IK^ . (fOHjl and applying (I2TTD . (f2J3]l again we 
get 

J{d+);j-\a'') = *g *^ *g d-i *g *g (a^) = 

(3.45) = *l {d^i+k-nUa'') = 

since = 

Using (I3:25|) we get (1021) immediately from ([335]) • 

Clearly (j3.42p follows from ()3.4ip . since they are adjoint. This completes 

the proof of Lemma 13.121 □ 

The following Proposition is a generalization of [29' Proposition 3.5, part 
II]. 

Proposition 3.13. Let {M^'^,uj,e) be a compact l.c.s manifold. Then H^{V*{M'^'^),dj) 
Hk{V*{M'^''), {d-i+k-n)*J for alll andO < k <n- 1. 

Proof. First we note that all the operators d^ , d^ and (d/)^ restricted to 
the space V*{M'^^) are elliptic operators. This observation is a consequence 
of the theorem by Bouche who proved that the complex of coeffective forms 
on a symplectic manifold M^" is elliptic in dimension greater than n 
Indeed, the complex ('P*(M^"), (d)* ) is dual to the complex of coeffective 
forms, see also Remark 13.151 1 below. Thus (d;)^ acting on 'P*(M^") is an 
elliptic operator, since (d/)* has the same symbol as (d)* . Taking (I3.25p . 
(j3.42p and (j3.4ip into account we prove the ellipticity of dj and df acting 
on 7^*(M^"). In [29^ Proposition 2.8 part II] the authors give another proof 
of the ellipticity of these operators. 

Now Proposition 13.131 follows easily from Lemma 13.121 using the Hodge 
theory. □ 

Corollary 3.14. Assume that (M^",a;,^) is a connected compact twisted 
manifold. Then H^{V*{M'^"'),d'^) = if d^ is not gauge equivalent to the 
canonical differential d = do, ore equivalently [k6\ 7^ € if^(M^"',M). If oth- 
erwise, thenH^iV*{M^''),dt) = Ho{V* (M^^), {dk)*J = Ho{V*{M^'^),d^) = 
R. 

Proof Note that pO(M2") = ^^(M^") and d+ = 4, which imphes the 
first assertion of Proposition 13.141 immediately. The second assertion of 
Proposition 13.14] follows from Proposition 13.10] and Proposition 13.131 taking 
into account the equalities H° {V* {AP"-) , d) = 77° (M^", M) = R. □ 

Remark 3.15. 1. Let {M'^'^,lo,0) be a l.c.s. manifold. The symplectic star 
operator *^ provides an isomorphism between the space V*M'^^ of primi- 
tive forms and the space C*M^" of coeffective forms. Thus H^,(V* {M^'^)) 
is isomorphic to H [C* M'^^ , dg) . The latter cohomology groups for sym- 
plectic manifolds have been introduced by Bouche [4j. A variant of the 
effective cohomology groups for contact manifolds has been introduced (and 
computed) by Lychagin [21] already in 1979. Later, a modification of this 
complex for contact manifolds has been considered by Rumin independently 
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|25) . Chinea, Marrero and Leo generalized the construction of effective co- 
homology groups for Jacobi manifolds [6]. 

2. Note that the groups H'^{V*{M^"-),d'^) have the following simple in- 
terpretation. We consider the differential ideal L{Q*{M'^^)) C r2*(M^"). 
The quotient J7*(M2'^)/L(17*(M2")) is isomorphic to the space T'*(M2"), 
and the differential dk induces the differential on the quotient complex. 

3. The plus-primitive cohomology groups and the minus-primitive coho- 
mology groups for symplectic manifolds have been introduced by Tseng and 
Yau [Ml part II]. 

4. Below we shall show a deeper relation between these new (co)homology 
groups and the twisted cohomology groups H*{M'^'^,dk) using the spectral 
sequence introduced in the next section. 

5. Let (M^""^^,a) be a contact manifold. Then its symplectization 
]\^2n+2 ._ ji^'in+i X ]^ jg supplied with a symplectic form uj{x, t) = exp*(da-|- 
dt A a) = a. Denote by i : M^"+^ — )• M^'^+^ the embedding x H> (x,0). 
We observe that the restriction of the filtration on (M^"+^, da) to i(M^"+^) 
coincides with the filtration introduced by Lychagin |21j . 

6. Note that any symplectic manifold (M^",a;) is a Poisson manifold 
equipped with the Poisson bivector G^j. Associated with a Poisson bivector 
A on a Poisson manifold M there are two differential complexes. The first 
one is the complex of multivector fields on M equipped with the differential 
A acting via the Schouten bracket. It has been introduced by Lichnerow- 
icz and the associated cohomology group is called the Lichnerowicz-Poisson 
cohomology of M [20], |10j . The second differential complex is the complex 
of differential forms on M equipped with the differential 6 = [i(A), d] where 
i(A) is the contraction with A. This complex has been introduced by Koz- 
sul in [16] and it is called the canonical Poisson homology of M [5] . If M^"^ 
is symplectic then G^} € EndiT* M"^^ ,T M"^"^) induces an isomorphism be- 
tween the de Rham cohomology and Lichnerowicz-Poisson cohomology [IQl 
Theorem 6.1], and the symplectic star operator provides an isomorphism 
between the de Rham cohomology and the canonical Poisson homology [5]. 
In [To] the authors consider the coeffective Lichnerowicz-Poisson cohomol- 
ogy groups on a Poisson manifold, which are isomorphic to the coeffective 
symplectic groups introduced by Bouche [1] if the Poisson structure is sym- 
plectic. 

4. Spectral sequences on a l.c.s. manifold 

In this section, we construct a spectral sequence associated with the fil- 
tered complex {F* K^,dk) on a l.c.s. manifold {M'^'^ , to , 0) . We compare the 
i?i-term of this spectral sequence with the primitive cohomological groups 
i7*'^('P*(M^"), dfc) introduced in the previous section (Lemma 14. ip . We 
show the existence of a long exact sequence connecting the i?i-term of 
this spectral sequence with the Lichnerowicz-Novikov cohomology groups 
i?*(f^*(M2"), 4), also denoted by Hl[M'^'') (TheoremH^l PropositioniiD. 
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We prove that the i?i-term of our spectral sequence is conformal invari- 
ant of {M'^^ , uj , 9) , moreover the £'i-terms associated with {M'^'^ , u , 9) and 
{M'^^,uj',9) are isomorphic, if w' = w + dgr (Theorem 14. 6p . 

In Proposition 13.51 of the previous section we proved that {F* K^, dk) is 
a filtered complex. Let us study the spectral sequence {E"^',^, d^^r : — ^ 

E"^^^'"^ '^^} of this filtered complex, first introduced by Di Pietro and Vino- 
gradov for symplectic manifolds in [7J. We refer the reader to [23], [13] for 
an introduction into the theory of spectral sequences associated with a fil- 
tration. The initial term E^'q of this spectral sequence is defined as follows, 

(4.1) E^'^^ = FPKl+yFP+'Kl+'^. 

Using the induced Lefschetz decomposition (j3.6p . (j3.7p . p.Sp and (j3.9p . 
taking into account the injectivity of the map LP : n'^-P{M^"-) ni+PiM^"^), 
we get for all /c G Z 

(4.2) El^l ^ LP^^-P ^ C^'-^-P ifn>q>p>0, 

(4.3) Ef'-j = otherwise . 

Since E^'^ is a quotient of E^'f_^, in view of ()4.3p any term E-^'1 writ- 
ten below, if without explicit condition on p and q, is always under the 
assumption < p < q < n and k > 0. 

Now let us go to the next term E^''^ of our spectral sequence. Recall that 

dk,o '■ E^'q — )• E^'q'^^ is obtained from the differential by passing to the 
quotient: 



(4.4) El'^l '-^ . Elf' 



Let us write dfc^o explicitly using (j4.2p and (|4.3p . Since d^LP = LPd^-p, 
using (jH]), (112]), and ([^1^ we have for any a G E^'l with n> q> 

p>0 

(4.5) 4,o(«) = [^^(4-p + Ld,^pm] = [LPd+^^id)] G Elf\ 

where d G £0,g-p ^ representative of a G -B^q by ()4.2p . Since L*' : 
£p,<i-p £P,q-p [g a,n isomorphism, ifO<j5<g'<nby (|4.2p . we rewrite 
rsl) as follows 



(4.6) 4,0 : El'J = C'^^-P ^ Elj;' = d ^ 4_^d, 

if < p < g < n. 
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Lemma 4.1. The term E^^'l of the spectral sequence {E^'rjdk,r} is deter- 
mined by the following relations 



(4.7) 
(4.8) 
(4.9) 



= H'^~n'P*{M^n,dt_p) ifO<p<q<n-l, 
•P""P(M2") 



4_p(7'"-f-n^^")) 
^k'l ~ ^ otherwise . 



, if < p < n, 



Proof. Clearly (j4.7p is a consequence of (j4.6p . Next using (j4.5p and the 
identity LP(P"-p+1(M2")) = 0, we obtain 4,0(^^,0) = 0- Hence 

Since LP : ^"-^(M^") ^ J1'^+p(m2") is injective, ([TO]) implies gS]). 

The last relation ()4.9p in Lemma 14.11 follows from (j4.3p . This completes 
the proof of Lemma 14. li □ 

Next we define the following diagram of chain complexes 



{7g-P-i(M2«) 

di-i 
J^9-P(M2") ■ 
di-i 



iU-17'?-P+i(M2")"— 



E\ 



'l+p,0 



nt-P+^M^^f^ Ef^ 



2n\ 



di 



+P,0 



Here the map liU^ associates with each element /3 G 1^'^ p+1(M^") the 
element [LP (5] G ^f+p^g^. Recall that di o L = L o di^i. Thus the upper part 
of the above diagram is commutative. The lower part of the diagram is also 
commutative, since 

di+pLP = LPdi. 

Summarizing we have the following sequence of chain complexes 
(4.11) 

^ (17''-(P+i)(M2"),(i;„i) 4 {n'^+^-p{M^^),di) "4' (£;f;'^+o\d^+p,o) ^ 0. 

Set J1-1(M2") := 0. 

Lemma 4.2. The sequence 1^4. 11 ) of chain complexes is exact for < p < 
q <n — \. 

Proof. For < p < g < n the operator L : 9.'i~P-^ {M'^'') Q'l-P+^iM^"^) is 
injective by Lemma |3.4[ so the sequence (j4.1ip is exact at i}'^~^P~^^\M'^^). 
The exactness at Q'^~^^~p [M'^"') follows easily from Corollary l3.4l taking into 
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account ()4.2p . The exactness at Ef^^^ follows directly from the definition 

m of Ef^i,. ' □ 

As a consequence of Lemma 14.21 using the general theory of homological 
algebra, see e.g. [121 Chapter 1, §6], we get immediately 

Theorem 4.3. The following long sequence is exact for 0<p<q<n — 1 
(4.12) 

Remark 4.4. 1. Theorem 14.31 is a generalization of [7, Theorem 1] stated 
for symplectic manifolds. 

2. Let us write the connecting homomorphism 6p^q explicitly. If a G 
F«-P(P*(M2"),(i+) = ^^fl^pi, see gT}, then dia = Lrj for any representa- 
tive a G V^^{M'^^) of a. By the definition of connecting homomorphism, 
see also [3 §3], 6p^g{a) = [rj] G i/fr/^+^^(M2"). Since d+o = 0, dia = Ld^a, 
so T] = dY a. Thus we get 

(4.13) 6p,ga = [dYa] G i?f_"/^+^^(M2"). 

3. Let us write the operator explicitly. Assume that [f3] G H'j'~-^{M'^"'), 
p G ^^^-^(M^"). Set 

- the primitive component of (3 in the first Lefschetz decomposition. Since 
di/3 = 0, we have d+/3p^ = 0. Thus the image LP[(3] = [LP (3] G Ef^^^^ = 

H'i-P{V*{M^''),d+) has a representative /3pr G p9-P(M2'^) with d^ Ppr = 0. 
Summarizing we have 

(4.14) LP[(3] = [(3pr] G H'^-P{r*{M'n, 4) = Efj^^^. 

4. Substituting for < p = g < n — 1 in the long exact sequence ()4.12p . 
we get the left end of (|4.12p 

(4.15) ^ Hf{M^") ^ Effp^^ ^ ^ hHm'^'') ^ • • • . 
From (|4.7p and (|4.15p we get for < p < n — 1 

(4.16) ^f;Pp^i = i/°'+(P*(M2")) = i/0(M2"). 

Let us prolong the exact sequence ()4.12p for q = n, using the ideas in [TJ 
§111]. For < A; < n we set 

kerdj" nl7'=(M2") 



Proposition 4.5. The long exact sequence can be extended as follows 

(4.17) 
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where < p < n — 1 and the operators [L], [L^] and [L^^^] will be defined in 
the proof below. 

Proof. First we define [L] and prove the exactness at H^_-^^^'^\m'^^) . De- 
note by n : ff"~^(M^") — )• C"~^ the natural embedding of the quotient 
spaces 

ker di n ^^"-^(M^") ker d^ n J1"^p(M2") 

Set [L] := n o L, where Z : F"_~/^+^^(M2") ^ H"'P{]VP'') is induced by L. 
By Theorem 14.31 we have Im5p,n-i = kerZ. Since 11 is an embedding, the 
last equahty implies ker[L] = kerL. This proves the required exactness at 

Now we define [L^] and show the exactness at C"~^. Assume that a = 
Upr + La e Q,"-~P{M^"') is a representative of [a] G C"~^, i.e. d^ia) = 0, or 
equivalently dia = d^a. We set 

'pn-p(j^2n\ 

(4.18) := [a,.] e J,.)) = ^^f;;!- 

Clearly the map [L^] is well-defined, since 11^^^; (7) = d'^Ilpr{'y). Now as- 
sume that [a] £ ker[L^'], so by (j7.6p 

(4.19) UprO = d+-f for some 7 G ^'^-^-^(M^'^). 

Using the property dia = d'^a we obtain from (j4.19p dia = 0. Now we write 

(4.20) a = apr + -La = d'^^ + Ld = di'y + L/3, 

where /3 = (i^~7 + d. Since dia = 0, using (|4.20p we get diLfi = Ldi-i/3 = 0. 
Applying Lemma [33] to (ii__i/3 G f]"-P-i(M2"), we obtain = 0. This 

implies [a] = [L]{[/3]) G Im [L], and the required exactness. 

Next we define the operator 5p^n '■ -^f+p 1 ~^ C^_i^^^^ as follows 

(4.21) 5p,n{a) := [d^a] G C^Sl''^'\ 

where a G ^'"-^(M^") is a representative of a G £;f|p ^ = •P"-P(M2")/d+(p"-P-i(Af2")). 
Clearly (5p^„(a) G C^"^!^""^, since by (|3.16p di_i{dfa) = d^_^dYa. The map 
5p^n is well-defined, since for any 7 G V^~^~^{M^^) using (|3.16p and (|3.17p 
we get 

(4.22) [dr<7] = -[rf^i^rT] = -[rf/-iK"7)] = G C^r^ 

Now assume that a G ker 5p^n and d G 'P"~p(M2") is its representative. By 
(IOT]l dj-a = di_ip for some /? G J]"-P-2(^j2n)^ follows 

(4.23) dla = dia-Ldi_i/3 = di{a-L/3). 
Since d is primitive, and (£*''') C £*'^+-^, we get 

(4.24) dja = dj{a- L^). 
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Clearly, K23\f and imply [a - L/3] £ C""^, and by <^ a = 

[LP]{[a — L/3]). This yields the exactness at Ef^^ ^. 

Let us define [LP+^] and show the exactness at C^_-l^^^^\ For a G C^_i ^ 
we set 

(4.25) [L''+^]{a) ■= [LP+^a] G H"^^^^^ {M'^'') , 

where a E r2'^~P~"'^(M^") is a representative of a. Note that di^pL'^'^^a = 
LP+^di_ia = 0, so [LP'^^a) £ iJ;"J'+^(M2"). The same formula shows 
that our map [L*'"''^] does not depend on the choice of a representative a 
of a. Now assume that a E ker[L^"'"^]. Then LP~^^a = di^pP for some 
(3 E r2"'"'"P(M^"). Using the Lefschetz decomposition for /3 we write 

13 = Lf(/3o + ^''/^fc)' e V*{M^''). 

k=l 

It follows that 

(4.26) LP+'d = di+p^ = LP{d+Po + L{d^(3o + di_i{(3, + L/Js + • • • ))). 

By Corollary Eail LP+^ : ^^"-^-^(M^") ^ J1"+p+1(m2'^) is an isomorphism, 
hence we get from ()4.26p 

(4.27) d = d^Pp + Q!«_i(/3p+i + L/3p+i + •••)• 

Combining (j4.27p with (j4.2ip we get a E Im5p^„. This proves the required 
exactness. 

Finally we show that is surjective. Assume that (3 E rj"'+P+^(M^") 

is a representative of [(3] E H^^^_^-^ {M'^"'). Using the Lefschetz decompo- 
sition we write /3 = LP+\i3), (3 E ^^"^^-^(M^"). Note that LP+'^d^^ = 
Ldl_^pl3 = 0, since di+pP = 0. Since ; Q^n-p~2 i^^2n^ _^ ^n+p+2(^2n) 

an isomorphism, we get dj^ = 0. Hence E C^"" ^ and [(3] = [LP^"^]([,S]). 
This completes the proof of Proposition 14. 5[ □ 

Theorem 4.6. (cf. [8, Osservazione 18] J T/ie spectral sequences E^'^ on 
{M'^"',u!,6) and on (M^",a;',^') are isomorphic, if uj and lo' are confor- 
mal equivalent. Furthermore, the E^'^-terms of the spectral sequences on 
{M,uj,9) and {M,u}',6') are isomorphic, if u' = u + dop for some p E 

Proof. If co' = ibe-^ lo, then dgco' = df A co'. Hence 



(4.28) {de - dfA)uj' = 0. 

Since L : n^iM^'^) ^^(M^") is injective, K28h implies that 

(4.29) de' =d0-df A. 
It follows 

(4.30) dko' =dke-k-df A. 
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Hence the map If : e^^ a is an isomorphism between complexes {F*K^, dke) 
and {F*Kl,dke'), since 

(4.31) dk9'{e''^ a) = dke{e^f a) + {-k ■ df) A e^ f a = e^'f (4ea)- 

It follows that the resulting terms E'^'q are also conformal equivalent. More- 
over, the map // induces an isomorphism between complexes 

Inductively, this proves the first assertion of Theorem 14. 6i 

Now we assume that cj' = a; + dgp. Then dguj' = 0. Using the injectivity 
of L : f]^(M^") — )- 0^(M^") we conclude that the Lee form of uj' is equal to 
the Lee form oiuj. Denote by L' the wedge product with cj', and by [L'] the 
induced operator on i7^*(M^"). Using uj'—uj = dgp and applying (|2.6p . which 
implies that the wedge product with dgp maps H^{M'^"') to zero, we conclude 
that the operators L and L' induce the same map Hf{M'^'^) — )■ H^^^{M'^'^). 

To prove the second assertion of Theorem 14 . 6 1 we use the following version 
of Five Lemma, whose proof is obvious and hence omitted. 



Lemma 4.7. Assume that the following diagram of vector spaces Ai, Bi over 
a field F is commutative. If the rows are exact and Ai ^ Bi, A2 ^ B2, 
A/^ —7- -B4, —7- i?5 are isomorphisms, then there is an isomorphism from 
A3 to i?3, which also commutes with the other arrows. 



A, 



B, 



A. 



B2 



A, 



Aa 



A. 



A, 



Af 



The second assertion of Theorem 14.61 for E^'*^ follows immediately from 
the long exact sequence (I4.12j) and the formula (I4.3ip . ifO<p<(7<n — 1, 
taking into account Lemma |4.1[ 

To examine the term E^'", < p < n — 1, we need the following 

Lemma 4.8. Assume that uj' = uj + dgp. For < p < n there are linear 
maps B^ ^ : C" ^(w) — )■ C" ^(w') such that the following two diagrams 
are commutative. (The symbol I denotes the identity mapping. The other 
mapping are defined in the proof.) 

^n-(p+2)^^2„)[^ 



l+p 



BV 



2n\ 



Proof. Let us define first a linear mapping 
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Let rj G ker ci^ n 0" 'P(M^"). This means that dirj = dfrj or equivalently 
that diT] is primitive. The last assertion is again equivalent to the equality 
ojP A di7] = 0. Since {L'Y : ^^-^{M'^'^) -> ^T+p^M"^"^) is an isomorphism, 
there is a unique rj' G ri"~^(M^'^) such that 

^ Q p A (dep)*^^ A u'P'' A d^r? = w'P A 
Now we define B^~^ by 



Bi 7] := r] — J] . 
We shall now prove that the element di{r) — r)') is w'-primitive. 

u'P A dz(r/ - V) = -w'f A dir]' + (w + dip)^ A dirj = 

= -dp+i{u'P A v') +ouPAdiv + J2 (^) (^i'^')' '''''' ^ = 



p 



d. 



i=l 



p A {dipf-'^ A coP-' A d^r? 



0. 



In other words we have proved that B^~^ maps kerd^" D W^~p{M^"') into 
ker((i')j~nO"^~^(M^"), where {d')^ is defined via the Lefschetz decomposition 
corresponding to lo'. 

Let us take now an element rj G d;J7"'~^~^(M^"^), i. e. 77 = (i;7, where 
7 G r2"~^'~^(M^"'). Then dif] = and we have lo'p A 77' = 0, which implies 
rj' = 0. Wc thus get B^ ^rj = rj. Consequently we have proved that i?" ^ 
maps di{Q"'^P^^{M'^"-)) into itself. Now it is obvious that -B"~^ induces a 
linear mapping 



B, 



Next we shall investigate the first diagram. First wc define the mapping 



[L]. If 



G H, 



n-(p+2) 
l-l 



(M^"), then we have an element j3 G fi"-(P+2)(M2") 



such that di^ifi = 0. Let us set 

[LM :=[a;A/3]. 

It is easy to see that this definition depends only on the cohomology class 
[/?] e i/"_7"^(M2'»). Namely, if ^5 = ^ + di^u, then 



CO A{/3 + d;_i7) = a; A ^ + (ii(a; A 7), 
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which shows that [L][I3] = [L][/3]. Similarly we define [L']. Let us take 
e if[r/^+^^(M2"). Then di^iP = 0, and we have 



We have = uj'p A t]' , which implies rj' = 0. Thus we get ^[L][l3] = 
Bi~P[uj A P] = [u A P - 0] = [to A P]. On the other hand we compute 

[L'] [P] = [uo' AP] = [{u + dip)AP)] = [uAP] + [dipAP + pA di.^P] = 
= [ujAP] + [di{pAP)] = [coAP]. 

We have thus shown that that the first diagram is commutative. 

We continue now with the second diagram. Again we define first the map- 
ping [LP+i]. For [r]] G C['r/^+^^(a;) there is a representative r] G J]"j/^+^^(M2") 
such that dj'_ir] = 0. This means that = di~_^r]. We compute 



di+p{ioP+^ A 7]) = A ry) = dp+i(a;P+^) A r? + 0;^'+^ A d/_i?7 = 



The last term vanishes because the form d^l^^r] is primitive. Finally let us 
suppose that rj = cZ/_i7. Then we have 



0;^*+^ A (i/_i7 = A 7 + A di-ij = A 7). 



Now we are going to prove the commutativity of the second diagram. For 




A d+_i?7 = 0. 



This shows that we can define [L^+^j by the formula 



[rj] e C^Si^^^Hoj) we have B'^ 



,n-p-l 
'l-l 



[rj] = [i] — r]'] , where rj' is uniquely deter- 



mined by the equality 



00 




i-l 



A ojP^^-' A di_ir]. 
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Further we have [L']Bl'_f ^[r]] = [lo' A [rj — rj')]. Now let us compute 
uj'P+^ A (t? - 7]') - A 7] = A 7? - uj'P+^ A r?' - ujP+^ A r? = 



i=i ^ * ^ 

E ( j (dipy A A - + ' ) p A (dip)-i / 

j=i ^ * ^ j=i ^ * ^ 



(4.32) = ( J] t ^ ^ ^ ■ 



We have thus proved that [L'P+^]Bj'Sf'^[v] = [LP+^M- □ 

Clearly the second assertion of Proposition 14.61 for -E"^'", < p < n — 1, 
follows from Proposition 14. 5^ Lemma |4.7^ and Lemma |4.8[ Combining with 
(j4.8p . which implies that E^'i = C°°(-/Vf^"), we obtain the second assertion 
of Proposition 14.61 This completes the proof of Theorem 14.61 □ 

Remark 4.9. In {11 1 Example 7.1] the authors construct an example of a 
compact 6-dimensional nilmanifold equipped with a family of symplectic 
forms iOt, t £ [0, 1], with varying cohomology classes [cot] S -ff^(M^,M). They 
showed that the coeffective cohomology groups associated to ui and U2 have 
different Betti number 64. It follows that, using [291 Lemma 2.7, Proposition 
3.5, part II], see also Remark 13.151 1 above, the £'i-terms of the associated 
spectral sequences for ujq and wi are different. 

5. The stabilization of the spectral sequences 

In this section we prove that the spectral sequences {Ef'^} on l.c.s. manifolds 
{M'^'^,lo,6) converge to the Lichnerowicz-Novikov cohomology i/;*(M^") at 
the second term , or at the t-term Ep^ under some cohomological con- 
ditions posed on u (Theorems 15.21 \5M, 15.130 . As a consequence, we obtain 
a relation between the primitive cohomology groups and the de Rham coho- 
mology groups of (M^",a;), if (M^"',a;) is a compact symplectic manifold. 
This gives an answer to the question posed by Tseng and Yau in |29j . see 
Remark EH 

First we prove the following simple property of the second terms -E';*2*' 
which will be used later in the proof of Theorem 15.131 
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Proposition 5.1. (cf. ^Si, Proposizione 19]) Assume that I < p < q < n — 1. 
Then Ef'^ = Ef-^'''-\ 

Proof. Let a £ Ef^^^ = i7«-P(P*(M2"), d+) and a £ V1~p{M'^"') its rep- 
resentative as in gZl). The differential di+p^i : Ef^^^ E\^^f is defined 
by 

(5.1) di+p,i(a) := [di+pL^a] = [L^dia] G ^Jf+^^f . 

Using = d^t^p + Ld^j^^ and taking into account d'^a = 0, we ob- 

serve that [LPdia] £ E^+pJ has a representative dY{a) £ ^^-^-^(M^") 
in i7'?-P-i(P*(M2"),d+ ^) = ^f+p^f , if < p < g < n. Equivalently, using 
()4.7p . we rewrite (ii+p,i for 0<p<g<nas follows 

(5.2) : i/^-^'(P*(M2"),d+) ^ H'i-P-\V*{M^^),dl^), [a] ^ [dj a]. 

Clearly Proposition 15.11 follows from (j4.7p and the formula (jS.ip . (j5.2p . □ 

Now assume that w = d^T for some k £ 7^ and r G i7-'^(M^"). Since 
diu = dfcW = 0, it follows that {k — 1)6 A w = 0. Since L is injective, we get 
k = 1. The following theorem is a generalization of [TJ Theorem 2] for the 
symplectic case 9 = 0. 

Theorem 5.2. (cf. [7\ Theorem 2]) Assume that io = dir. Then Ef'^ = 0, 

ifl<P<q<n-l. IfO<q<n, then E'/'^ = iJf (M^"). If < p < n 

then -E'fj.p 2 ~ -^/4^'^(-^^")- Thus the spectral sequence {Ef'^ ,di^r} stabilizes 
at the term Ei^2- 

Proof. Assume that uo = dir. Then for any di_i-closed form a we have 

(5.3) diT A a = d;(r A a). 

Hence the induced operator L in the exact sequence (j4.12p satisfies 

(5.4) L{H^:}''^^^ (Af2")) = 0£ i^f +i-P(m2"). 

The equality (|5.4p and the exact sequence (|4.12p lead to the following exact 
sequence for 0<p<q<n — 1. 

(5.5) ^ H^^M^^) Efj^l ^ Hfz}"^'^ (m2") ^ 0. 

Using the isomorphism Ef^^-^ = H'^^P{V*{M'^^),d^) and the formulae 
(|4.13p and (|4.14p describing 5p^q and we rewrite the exact sequence (j5.5p 
as follows 

(5.6) ^ i/f-P(M2") f"?-' H'^-PiJ>\M^^), df) '5' Hf:}'^'\M^^) ^ 0. 

The proof of the first and second assertion of Theorem 15.21 is based on our 
analysis of the long exact sequence of cohomology groups associated with the 
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short exact sequence (15. 6p . By (I5.2p , ioi < p < q < n — 1, the differential 
(i;+p^i : Ef^p I — >• Ef^pi induces the following boundary operator 

(5.7) : i/9-P(P*(M2"), d+) ^ H'i-P-\V*{M'^''), d+_^), [a] ^ [d-a], 
for a G P9-P(M2"). 



Lemma 5.3. T/ie s/iort exact sequence 115. 6\} generates a short exact se- 
quence of the following chain complexes for l<p<q<n— 1 







{Hf-P{M^''),di := 0) {H'^-P{V*{M''''),d^),d{) 



2n\ 



(5.8) 



[d7 



(h: 



/-I 



(M2"),dz_i := 0)^0. 



Proof. It is useful to rewrite the sequence ()5.8p of chain complexes as the 
following diagram 



w+i 



^^'h-(p-^\v*{M^^),dl_^l) 



di=0 
rt-(p+l) / ,^2n 



[ITpr 



if9-p(7?*(M2"),d+) 



hi:^'+^\m^^) J.'':^'/-(p+i)(p*'(m2"), d+ i^fr^^^ 



i?f_-/^+')(M2-) 

<ii-l=0 
r<?-(p+2)/ ,^2n\ 



To prove Lemma 15.31 it suffices to show that the above diagram is commu- 
tative, or equivalently 



(5.9) 
(5.10) 



4 [lipr] = dl[lipr\ = 0, 
[dl_^]d- =di_^[dY]=Q. 



Let a G iff ^(M^") and d G ^^'-^(M^") its representative. Let a = 
dipr + LI3pr + -L^7 be the Lefschetz decomposition of a. Using dia = d'^a = 
d'^Q.pr = we obtain Ld^oipr = Ld'^_^Ppr + L^(d;1^/3pr + di-2l)- Hence 

= Lid^Upr + d'l_^Ppr) + L^{dY_^Ppr + di_2l), 

which implies d^ctpr + d'^_^l3pr = thanks to the uniqueness of the second 

Lefschetz decomposition. It follows 

(5.11) 

dY[Yipr]a = djlapr] = [d^apr] = -[<_i/3pr] = e H^-^'P+^\V*{M^''),d+_^). 

Let /? E Hi-P{V*{M^''),dl) and /3 G P'?-p(m2") its representative. Then 

(5.12) [dY^.WP = [di_,dYP] = G /ir,(^+^)(M2"). 

Clearly (fOT]) and (f02]) follow from (f5?23]) and (f5T2]) . This completes the 
proof of Lemma 15.31 □ 
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The short exact sequence ()5.8p in Lemma 15.31 generates the following 
associated long exact sequence of the cohomology groups 
(5.13) 



,p-l,g 



f2n\ 



where 6 is the connecting homomorphism. 



fpp,g 



Lemma 5.4. We have 6{x) 
1 < p < n — 1. 



X for all X e H^iZi^^^\m'^'^) 



Proof of Lemma [3751 Let x G H1Zi^^^\m'^'^) . Using (15.81) we write x = 
[dY]v,y G H'^^P{V*{M'^"'),d^). By definition of the connecting homomor- 
phism we have 6x = [dYy] = x. This completes the proof of Lemma [531 D 

Clearly Lemma 15.41 implies the first assertion of Theorem 15.21 
Now let us consider the case p = 0, q < n-1. Then Ei f = 0. The 
previous short exact sequence (15. Sp of chain complexes is now replaced by 
the new one, where the cohomology groups on the line containing E^^''^ 

left and right to E^l''^ are zero. Let us write the new short exact sequence 
explicitly as the following commutative diagram 



and for all 







0' 









di=0 



[Hp 



Hi{V*{M^''),dJ) 



[d- 



Hi:l{M 



2n\ 



{V*{M 



2r^^ 



di-i=0 
2n\ 



The resulting exact sequence of the cohomology groups now are 







Hf{M' 



2n\ 



^1,2 



r2n 



r2n\ 



Since 6 = Id, we obtain 
(5.14) 



E 



0,q 
L2 



Hl{M' 



2n\ 



which proves the second assertion of Theorem 15.21 



Next we compute E^'^ = Ef'^/di^i{Ef-^ '") for < p < n — 1. Since 
= diT, the map [L] : F"j/^+^^(M2'^) ^ C""^ sends [a] to [diir A a)] = 



€ C," ^. Thus Proposition 14.51 implies that the following sequence is exact 



for < p < n — 1 







(5.15) ^ ^ ^l+pA ~^ 

Set for —1 < p < n — 1 



i+P 



(M- 



2n\ 



(5.16) 



jjn+p+l^^2ny 
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Then we obtain from the exact sequence ()5.15p the following short exact 
sequence 



(5.17) 



0. 



Using the isomorphism E^i^^^^ = P"-P(M2")/d+(p"-P-i(M2")) and the 
formulas (I4.18P and (I4.21P describing [LP] and 

8p^n ill the exact sequence 
()4.17p of Proposition 14.5^ we rewrite the short exact sequence (I5.17P as 
follows 



(5.18) 



d+(pn-p-l(M2")) 



l-l 



0. 



Recall that the map [Hp^] is already defined in section 4. It is the quo- 
tient map of the map lipr ■ (kerd" n J7"-p(M2")) ^"-^(M^"), see the 
explanation of (j4.18p . 

Next recall that the map [d'j^] is the quotient map of the map dj : 
P"-p(M2") ^ •p"-P-i(M2") n ker see the explanation of g^B). (We 
now explain why this map is also well-defined in ()5.18p . First we have 
d^{di~^) = d'l_^d'[^ = di-i{df'y) = G Cl^_-^^~^^\ Furthermore for a G 
P"-P(M' 



2n\ 



LP+^d^ia) 



LP{Ld-a) = LPdia = di+pL^a = G H'^^^^+\m^'^'' 



Hence 



P"~p(M2") 



rpn~{p+l) 



ker[LP+i]. 



^d+(7'"-P-i(M2"))- 

Thus [d'j^] is well-defined.) 

Note that the differential d^+p^i : E^^^^ ^ — )• E^^^'^ induces the following 
boundary operator 



(5.19) 



■ d+(p«-p-i(M2")) d+ ^(7''^-P-2(M2'^)) 



, [d] H> [d, d], 



for a G P"-p(M2"). The map is well-defined, since by (fXTTp dr*^;^" = 
dl_^dla for a G P"-p-1(M2"). 

Lemma 5.5. The short exact sequence \5.1^) generates a short exact se- 
quence of the following chain complexes 



(5.20) ■ 



„n-p [np r ] -pn-pf^j^pn^ [ d; ] n-(p+l) 







(p+1) [Hpr] ■pn-{p+l)l^l^.j2n^ [d^ ] n-{p+2) 



d+(7'"-(p+2){M2")) 



28 HONG VAN LE * AND JIRI VANZURA ** 

Proof of Lemma 15.51 It suffices to show that 

(5.21) dliUpr] = diUpr = 0, 

(5.22) [d- Jj- =d-_,[d-] =0. 

Let a G C*""^ and a G r2""^(M^"') its representative. Let a = otpr + 
Lfipr + be the Lefschetz decomposition of a. Using dia = dfa we 
obtain Ldjapr = Ld'l_^l3pr + L'^{d'^_i$pr + di-2"f)- Hence 



(5.23) d-[np,]a = = K-iM = G 



d^i(7'"-P"2(M2"))' 



Let (3 G (P"-P(M2"))/d^+(p"-P-i(M2")) and /3 G ^"-^(M^") its represen- 
tative. Then 

(5.24) [a!r_J(ir[/3] = [d,-idr/5] = 0. 

Clearly (j5:2T]) and (K22h follow from (f5:2H]) and ([521]) • This completes the 
proof of Lemma 15.51 □ 

The short exact sequence ()5.20p in Lemma 15.51 generates the following 
associated long exact sequence of the cohomology groups 

(5.25) Ef^^;- ^ A ^ Ef^i, ^ rr/^+^^ a cr/^+^) ^, 

where (5 is the connecting homomorphism. 

Lemma 5.6. We have 6{x) = x for all x G tI^__^^p^^^ and for all < p < 
n — 1. 

Proof of Lemma \5.6\ Let x G T^_^^^^\ Using ()5.20p we write x = [d'j^\y, y G 
(P"-P(M2"))/(i+(p"-P-i(M2")). By definition of the connecting homomor- 
phism we have 6x = [d^y] = x. This completes the proof of Lemma [5. 61 □ 

Now let us complete the proof of Theorem 15.21 From Lemma 15.61 and 
the long exact sequence (I5.25j) we obtain Ef^^^ = C"~^/T"~^. Taking 
into account (|5.16p which defines tJ^'P to be the kernel of the surjective 
homomorphism [L^] : C"~^ — >• H^^^{M'^^), we conclude that 

(5.26) i?f;; 2 = F;J(M2") for < p < n - L 

Next, by Lemma O -E"f = C°°(M2"). Since dz,i(£^"f ) = 0, using (|5T9]l 
we get 

By Proposition 13.101 d^ is proportional to (d;)*. Applying the symplectic 
star operator we get from ()5.27p 

(5.28) Ef;';^^^ = H\V*{M^n, dj) = Ho{r*{M^n, (di):) = ^^^/(M^"). 
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Clearly the third assertion of Theorem 15.21 follows from ()5.26p and ()5.28|) . 
The last assertion of Theorem 15.21 follows immediately. This completes the 
proof of Theorem 15.21 □ 

From the exact sequence (|5.5p we obtain immediately the following 

Corollary 5.7. Assume that u = dir. For 0<p<q<n — 1 we have 

(5.29) Ef^l^^ = iff-P(M2") e HfZr^M^'")- 

Theorem 15.21 can be generalized as follows. Assume that u'^ = dxp for 
some p £ n^P-^ {M^''^) , in particular drw^ = 0. Clearly dp{ujP) = = 
driuiP) imphes that T = p, since LP : ^^(M^") ^ Q^+'^p {M'^'') is injective. 
Furthermore we have uj^'^'^ = dk+rip A u) for all t > 0. Thus there exists a 
minimal number T such that u}'^ = dxp for some p G r2^"^~"'^(M^"). 

Theorem 5.8. (cf. [71 Theorem 3]) Assume that to'^ = dxp and T > 2. 

Then the spectral sequence (Ef'^,di^r) stabilizes at the term Ep^^-^^. 

Proof. Our proof of Theorem 15.81 exploits the construction of the exact cou- 
ple associated with a filtered complex. We use many ideas from [8j. The 
main idea is to find a short exact sequence, whose middle term is Ep^, and 
moreover, this short exact sequence is induced from the trivial action of the 
operator on (a part of) complexes entering in the derived exact couples 
(cf . with the proof of Theorem 15. 2p . The condition T > 2 is necessary for 
Lemma 15.91 below. 

Let us begin with recalling the construction of the derived exact couple 
associated with a filtered complex {FPKi,di) following [231 p. 37-43]. We 
associate with a filtration {EPK^ ,di) the following exact couple 

(5.30) Df+^'* Df'* , 

j 

rrP'* 
^1,1 

where L>f'^ := Hf^^FPRl), and 

is the long exact sequence of cohomology groups associated with the follow- 
ing short exact sequence of chain complexes 

(5.31) ^ iFP+^Kf+'', di) 4 {FPK^+\ di) h (Efl d,,o) ^ 0. 

The differential di^i : Ef'^ — )• E^'^^''^, defined in ()5.ip . satisfies the following 
relation: di^i = j o 5. We refer the reader to [23] for a comprehensive 
exposition on the relation between the spectral sequence of a filtration and 
its associated exact couple. 
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Set ' ) := Z); ' . We define the t-th derived exact couple of the exact 
couple (f53n]l . t > 1, 



(5.32) 



inductively as follows [23, p. 38]. 



(5.33) 
(5.34) 

(5.35) 

(5.36) 
(5.37) 
(5.38) 



-- i(Df+^'^-^)(*-i) C Df'" 
i(i*x) for i*x G (Df''')W 



l,t 



t+i 



iW(i*x) := o (f(*-i)x)] 

5W([e]) :=5(*-i)(e) Gi(Z)f ''?)(*-!) 



Next we consider the following commutative diagram 



(5.39) 



0,q-p 
I 



LP 



LP- 



^l+p 



where U is induced by the linear operator U" : J7'?-p(m2") ^ J7'?+p(m2") 
The diagram (j5.39p leads us to consider the following diagram 



(5.40) 



{LP) 



i(t) 



CLP-') 



where L*^*^ (resp. (L^)) is the restriction of L (resp. L^) to (-Df_j_p)^*^. 

Lemma 5.9. For t > 1 and p > 1, T > 2, the following statements hold. 

1. The diagram ( |5.^^[ ) is commutative. 

2. (LP) is an isomorphism. 

3. Im(iW) =Im((ZP-i)). 

I (Z(^-i))(I)|''^-P)(^-i) = 0, ifdTU^ = 0. 

Proof. 1. The commutativity of (15.401) is an immediate consequence of the 
commutativity of the diagram ()5.39p . 

2. We prove the second assertion of Lemma 15.91 by induction, beginning 
with t = L Let X = i{a) G (Z)f;p(i) = i(^f+p''"') = i{H^^^ {FP+^ K*)) C 
Dfl^p. Then there is an element a' G such that [LP+^a'] = 

a G ^f+p''^~\ or equivalents di+p{LP+^a') = 0. Hence LP+i(di„i(a')) = 0. 
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Since di^ia' £ n'^-P-^iM'^''), LP+\di-i{a')) = implies that di^ia' = 0, 
so a' G i/fjf^2(M2"). Hence x = LP{La'), and La' = i{a') G . 
This proves that the hnear map {LP) is surjective for t = 1. Furthermore, 
the map (L^) is injective for t = 1, since LP : n^-PM^'^ ni+PM^"" is 
injective, and LPdi = di^pLP. This proves Lemma 15.91 2 for t = 1. 

Now assume that Lemma r5.9[ 2 has been proved for t = k. Since 
is a subset of {D^''^^^^)^^^ the injectivity of {LP) follows from the inductive 
statement. The surjectivity of {LP) also follows from the commutativity of 
the diagram (j5.40p . which implies that {LP~^) maps the image ^((-D; ''i~P){^)) 
onto the set i^''\D\:^^)^^^ = {Df~p''^^'^)'^''+^\ This proves Lemma [5212 for 
ah t > 2. 

3. Clearly Lemma 15.91 3 is a consequence of Lemma 15.91 2 and the com- 
mutativity of the diagram (|5.40p . 

4. Let us compute for /? G (L>°'''~P"^)('^-i), where T > 2. By 
definition Z(^-i)/3 = Z(i(^-i) [/3]), where /3 = G Vl'^-P-'^ {M^'') for 
some /3 G 17'?"P-2r(^2n)^ ^ Z)°'«-P, in particular we have di^ = 0. 
Thus L'^-^di_T-iP = 0. Since L^-^ : S7'?-P-2r+2(j^2n) ^ 179-p(m2") is 
injective we get di^T+if^ = 0. Now we have 



(5.41) Z(^-i)/3 = Z(i(^-i)^) = i(^-i)([L^/3]) G (i^f-i-<?+i)f ) 



by Lemma 15.91 1. 
Note that 

(5.42) = [dTP A /3] = [dT+(,_T+i)(p A /3)] = G A^^^r"""'- 

Clearly (j5.4ip and (I5.42P imply the last assertion of Lemma 15.91 □ 

Lemma [5^ 4 and the (T — l)th-derived exact couple yield the following 
short exact sequence 



(5.43) ^ (z)f-(^-i)'^+(^-i))(r-i) Ef'^ ^'^'^ (z)P+i-'?)(T-i) 



0. 



Lemma 5.10. The short exact sequence |5.^3D generates a short exact se- 
quence of the following chain complexes 

pp(T-l),g+(r-l)^(T-l) ^ j^p,q ^ (Z)P+l>'?)(T-l) _ 



di.T=0 



j{T-l) 5(T-1) 



(Z)f+1'^)(T-1) ^ £;f+^'^-^+l . (^P+T+1,.-T+1.(T-1) ^ 



Proof. It suffices to show that 

(5.44) di^Tj^^-^'^ = 0, 

(5.45) S^^-^Ui^T = 0. 
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The equahty di^Tj^'^~^^ = holds, since di^T is a quotient map of the 
Unear operator di acting on 17* (M^"), and associates a cycle in 

The equality S^'^-^Ui.t = holds, since 5^^-^^di^T = (^^^"^^ = 
0. This completes the proof of Lemma |5.10[ □ 

Let us continue the proof of Theorem 15.81 From Lemma 15.101 we obtain 
the following long exact sequence of the associated cohomology groups 
(5.46) 

Pp(T-l),,+ (T-l)^(T-l) ^ j^p,,^^ 5; pP+l,.)(T-l) ^ pP+l,.)(T-l) 

Lemma 5.11. For < p < q < n the connecting homomorphism d : 
pP+i,g)(T-i) ^ (^P+i,'7)(T-i) g^y^; identity. 

Proof. By ()5.43p for any x G (^D^'^^''^)'^'^^^^ there exists e G such 
that y = 5^'^~'^\e). Since d^'^{e) E ker^^"^"^-* there exists an element 
y g (^P+i.'JjCr-i) guch that j('^-iHy) = <T(e) = j(^-')'5(^-'He). Since 
jCJ"-!) is injective, 7/ = 6^'^~^^{e). By definition = y = 6^'^~^\e). 

It follows that 5(5(^~^^e) = 6^'^~^^e. This completes the proof of Lemma 

Em □ 

Corollary 5.12. For p > T we have E^'^^^ = 0. 

Proof. For p >T Lemma 5.11 yields the following exact sequence 

which implies Corollary 15.121 immediately. □ 

It follows from Corollary [532] that di^r+i ■ Ef^r+i ^ ^z^^I^"^'""^ = for 
all p > 0. This completes the proof of Theorem 15.81 □ 

We end this section with presenting a proof of the following stabilization 
theorem. 

Theorem 5.13. (cf. [7', Theorem 4]) Assume that {M'^"',u],9) is a com- 
pact connected globally conformally symplectic manifold. Then the spectral 
sequence {Ef'^,di^k) stabilizes at the E^ 2 -term. 

Proof. By Theorem 14.61 it suffices to prove Theorem 15.131 for the case of a 
symplectic manifold (-/Vf^",a;), i.e. ^ = 0. The proof we present here uses 
many ideas in the proof of Theorem 2 in Di Pietro's Ph.D. Thesis [8] stated 
for connected compact symplectic manifolds. 

By Lemma 14.11 Eff = = Ef'^ \i q < p 01 q > n for all A; > 1. Thus it 

suffices to examine the terms Ef^, Ef'^^'', for < p < n — r, r > 1, k > 2. 

Lemma 5.14. Assume that (M'^^,uj,6) is a compact l.c.s. manifold, and 
< p < n. 
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1. If {M'^^,uj,6) is a globally conformally symplectic manifold, then Eff = 
M for all I and k > 2. Moreover Ef'^ is generated by the p-th power of the 
symplectic form u. 

2. If {M'^'^ , Ld , 9) is not conformally equivalent to a symplectic manifold, then 
Eff = for all p ^ I and for all k > 1. 

Proof of Lemma \5.14\ By (j4.16p ifO<p<n — 1 then 

(5.47) Eff = i7f_p(M2"). 
By (fCTl we obtain 

(5.48) £;"f = Cl^ = C°°(m2"). 

We get from and dOjl 

(5.49) 

^n,n ^ C7°°(M2")/di,i(£;;'^-^'") = C°°(M2")/d;-_„(pl(M2")) = (P* (M^") , d^l^) , 

By Corollary EH 

(5.50) Ho{V*{M^n,di) = Ho{V*{M^^),{di.n):) = H^''{^*{M^n,di). 

Note that di^kiE^'^) = and Imdi^k n ^^"f = for all A; > 2. Using (I5:i9]) 
we get 

(5.51) = = Ho{V*{M^''), di) for all k>2. 

Combining (j5.5ip . (j5.50p with Corollary 13.141 we obtain the assertion of 
Lemma 15.141 for the cases p = or p = n. 

Now let us consider El'l with < p < n. By (|iJ6]) Eff = Hf_^{M'^'^). 

Let us first assume that M^" is globally conformally symplectic. Using 
Theorem 14.61 we drop / in the lower index of di^r and Ef^. First we note 
that Ef^ is generated by uj'p. Since Ef^ is a quotient of Ef^ and [w^] S Ef^ 
for all /c > 1, taking into account [w*^] 7^ E -E^'", we complete the proof of 
Lemma [5.141 1. 

Now let us assume that [6*] / e H^{M^"'). Then Corohary ETH asserts 
that Hf{M'^'') = for ah l^p. It follows that Hf^ = for ah / / p. This 
complete the proof of Lemma 15.141 □ 

Lemma 5.15. Assume that {M'^^,uj) is a connected compact symplectic 
manifold. Then for < p < n - 2 and k > 2 we have Ef^^^ = H^{M'^'^). 
Furthermore E^ _ 1." j^^ all k > 2. 

Proof of Lemma \5.15l Using ()5.ip and ()5.2p we note that di : E^'^ — ?• eI'^ 
is equivalent to the map d' : i7i(P*(M2"), d+) ^ ifO(M2",M) = M. By 
([3:23]) i7i(P*(M2"),d+) = i/i(M2"). Hence 

(5.52) E^'^ = H\M^''). 
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It follows that, the image dk{E^^) = for all A; > 2. Thus we get from 

(5.53) = F^(M2") for ah A: > 2. 

This proves Lemma [5 .151 for E^' , k > 2. Since the operator LP : ^^(M^") 
f]2p+i^j^^2n-j -g ijijggf^ive for all p < n — 1, using Lemma 15.141 we get 

(5.54) eI'^ ^ eI'^ a El'P C El'P+^ for ah k > 2. 

Note that E^'^~^^ is a quotient of E^'^^^ , which is isomorphic to -Eg'"^ by 
Proposition 15.11 Taking into account (j5.53p we obtain from ()5.54p 

(5.55) £^'P+^ ^ ^2'^ = i?^(M2") for aU p < n - 2 and /c > 2. 

This completes the proof the first assertion of Lemma 15.151 The second 
assertion of Lemma 15.151 follows from the observation that d2(-£'2~^'") = 
= Im d2 n E"2~^'"' and 4(K~^'") = = Im 4 n for aU A; > 3. □ 



Lemma 5.16. Assume that (M^^jw) is a connected compact symplectic 
manifold. Then E^~ = 
n — 3 and k > 2 we have 



manifold. Then E^ = E2 ^'^ for all k > 2. Furthermore, for < p < 
(5.56) El^P+^ ^ E^/ 



Proof. First we note that for k > 2 



im4n = 0. 

Hence 

(5.57) S^-^'" = £^2 for all A: > 2. 



This proves the first assertion of Lemma [5.161 Next we observe that ^2 (-£'2'^) = 

2 

and Im(i2 H £2' =0- Hence we get 

(5.58) = E^/ for ah A; > 2. 

Now we assume that < p < n - 3. Since LP : n^iM^"") J]2+2p(^2n) 
injective, using Lemma 15.141 we get 

(5.59) El'^^El'^AEl'^cEl^P^^ 

Since E^'^'^'^ is a quotient group of Sg'^"*"^, which is isomorphic to £3'^ by 
Proposition 15. H using (|5.58p and (j5.59p we get 

(5.60) El'P^^ ^ £2'^ for all < p < n - 3. 

This completes the proof of Lemma 15.161 □ 

Lemma 5.17. We have E^'^^^ = £'2''' all k > 2, p + r < n — \ and 
r > 3. Furthermore = ^E^"*"'" for all k > 2 and r > 3. 
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Proof. We prove Lemma 15.171 inductively on r beginning with r = 3. For 
each r we will consider E^'^~^^ with k and p increasing inductively. First we 
note that 

(5.61) d2{E°'^) = G E^'^, 

since £^2'^ = -E^'^ for all A; > 2 by Lemma [5. 141 From (j5.6ip we obtain easily 

(5.62) eI'^ = E^'^ for aU k>2. 

Now using the injectivity of the map LP : n^{M'^'^) n'^P+^ {M"^"^) for 
p < n — 4 and Lemma 15.141 we get from (|5.62p 

(5.63) E°/ = eI'^ = eI'^ a El''' C i^^'^+l 

Since E'^'^"'"^ is a quotient group of Eg'^^^ = £2 '^, (I5.63P implies 

(5.64) £;P.P+3 ^ ^0,3 for all < p < n - 4, A; > 2. 

This proves the first assertion of Lemma EITT] for r = 3. The second assertion 
of Lemma 15.171 for r = 3 follows from the identities Imd^ n = q and 

4(^^-3.") = G ^^+fc-3,n-fc+l if ^ > 2, which is a consequence of Lemma 
ISTHl if k = 2. 

Repeating this procedure we have for each n > r > 3 the following se- 
quences of identities with k >2 and < p < n — r. First by induction on r 
we get 

(5.65) d2{E^/) = G E^''-\ 

since £^2"^"^ = E'^'^~^ for all > 2 by the induction step. From (|5.65p we 
obtain immediately 

(5.66) E°/ = S2''' for all /t > 2 

Since the map : ri'"(M^") — > ri^*'+''(M^") for p < n — r is injective, using 
Lemma 15.141 we get from (I5.66P 

(5.67) E^'' = El'' = El'' A EI'P C EI'P+'. 

Since E^,'^^' is a quotient group of E2'^~^' which is isomorphic to £'2"^ if 
p -\- r < n — 1 by Proposition 15.11 (I5.67P implies 

(5.68) = E^'' for ah < p < n - r - 1, A: > 2. 
Thus we get 

(5.69) eI'' = E^'P^' for all < p < n - r - 1, A: > 2. 

This completes the proof of the first assertion of Lemma 15.171 

The second assertion of Lemma 15.171 for the inductive r follows from the 
identities Im4 n S^""'" = and 4(K~^'") = ^ ^+1 [f k > 2, 

which is a consequence of the induction assumption that = 
^2"+''-'''"-'=+^forO<A:<r-l. □ 

Clearly Theorem 15.131 follows from Lemmata I5.14| I5.15( 15.161 , 15.171 □ 



36 



HONG VAN LE * AND JIRI VANZURA * 



Remark 5.18. 1. Our stabilization theorem 15.131 gives an answer to Tseng- 

Yau question on the relation between the group 

for < p < n — 1 and the cohomology groups H*{M'^"', M). 

2. In the next section we show that if (M^", w) is a compact Kahler mani- 
fold, then the spectral sequence stabilizes already at £'i-terms, see Theorem 

6. Kahler manifolds 

In this section we prove that the spectral sequence Er''' stabilizes at the 
term E^'* , if (M^", J, g) is a compact Kahler manifold and w is the associated 
symplectic form (Theorem I6.2p . 

Let (M^**, J,g,Lo) be a compact Kahler manifold. As before, denote by d* 
the formal adjoint of d. Since the operator L commutes with the Laplacian 
:= dd* + d*d we get the induced Lefschetz decomposition of the space of 
harmonic forms on M^", and hence the induced Lefschetz decomposition of 
H*{A'P"-,R). Let us denote by PiJ<?(M2",M) the subset of primitive coho- 
mology classes in i?'^(M^",M). Note that each primitive cohomology class 
[a] E PH'^{M'^'^) has a representative which is A^-harmonic and primitive. 

Proposition 6.1. ([29, Proposition 3.18]J Assume that {M"^^ , J, g , lo) is a 

compact Kahler manifold. For q < n — 1 we have i/g(7^*(M^"'), (d)* ) = 
Pi/«(M2") = i/9(P*(M2"),d+). 

Proof. We give here another proof using [¥j . Bouche proved that if (M^", J, g, u 
is a compact Kahler manifold, the coeffective cohomology groups i?^"~'?(C*M^" 
is isomorphic to the subgroup H^""'" {JVP"^) := {x G if^"-^ (M^", M)| Lx = 
0} for < g < n — 1 [4, Proposition 3.1]. Next, using [5i Corollary 
2.4.2], or the following formula: Jd*^"^ = d*, which is proved in the 
similar way as ()3.4ip replacing ()3.40p in the proof by ()3.38p . we observe 
that the symplectic star operator *^ maps H^"'~'^ {M'^"') isomorphically onto 
the group PH'^{M'^^). As we have noted in Remark 13.151 1. the coeffective 
cohomology group H'^ {C* M'^"' , d) is isomorphic to the primitive homology 
group Hq(V* M^"^). On the other hand Tseng- Yau proved that the group 
H{V*]VP^',{d)~) is isomorphic to the group Hg{V*{M^''),d-) [291 Lemma 
2.7, part II] as well as to the group H'^'^{M'^"'), [29', Proposition 3.5, part 
II], see also Proposition 13.101 and Proposition 13.131 above. Combining these 
observations we complete the proof of Proposition 16. 1[ □ 

Theorem 6.2. Assume that (M"^"^ , J, g,uj) is a compact Kahler manifold. 
Then the spectral sequence Er''^ stabilizes at E^'* . 

Proof. Since {M'^^ , J, g,uj) is a compact symplectic manifold, by Theorem 
I5.13l the spectral sequence Er'"^ stabilizes at £'2-terms. Thus to prove Theo- 
rem l6.2l it suffices to show that all the differentials di : Ef''^ — )• Ef'^^''^ vanish. 
By (j5.2p . if q < n — 1 then di : Ef''^ — t- Ef'^^''^ is defined by the image of 
d~d, a G P'^~^(M^"). In this case it suffices to show that any element 
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[a] G iJ9-P(P*(M2"),(i+) has a representative a G ^^-^(M^'^) such that 
d~a = 0. By the Hodge theory for there is a harmonic representative 
a of [a] such that {d^)*a = 0. Lemma 13.121 imphes that for such harmonic 
form a we have d~a = 0. This imphes di{E^''^) = for q <n — l. It remains 
to consider the image di{E^'^). By (|5.19p it suffices to show that any ele- 
ment [a] G Ef'^ has a representative a G P"~p(M^"') such that d~(a) = 0. 
Using the Hodge theory for d"*" and (j5.19p we choose a to be the harmonic 
form. By Lemma 13.121 d~ (a) = 0. This completes the proof of Theorem 
[621 □ 



7. Examples 

In this section we consider two simple examples of compact l.c.s. mani- 
folds and their primitive cohomologies. The first example is a nilmanifold 
of Heisenberg type [27], the second example is a 4-dimensional solvmanifold 
described in [l], [2], [26], [15] . We calculate the primitive cohomology of 
these examples (Propositions I7.ll 17. 2|) . We study some properties of prim- 
itive cohomology groups of a l.c.s. manifold, which is a mapping torus of 
a co-orientation preserving contactomorphism (Proposition 17.4) ). We show 
that the 4-dimensional solvmanifold is a mapping torus of a coorientation 
preserving contactomorphism of a connected contact 3-manifold, which is 
not isotopic to the identity (Theorem 17. 6p . 

Let H{n) denote the (2n + l)-dimensional Heisenberg Lie group and T its 
lattice. It is well-known that the nilmanifold A^2n+2 ._ (_f/'(7j)/r) x has a 
canonical l.c.s. form 17, which we now describe following [27]. Note that the 
Lie algebra f)(n) M of H{n) x M is given by {Xi, Yi, Z, A : [Xi, Yi\ = Z)m.. 
We denote by Xi,yi,z,a the dual basis. Clearly da = and d^l = a Ail. 
Here we use the same notations for the extension of Xi,Yi, Z, A, Xi,yi, z, a, 
to the right-invariants vector fields or differential forms on H{n) x R, as well 
as for the descending vector fields or differential forms on iV^""*"^. 

Proposition 7.1. Let {N'^^~^'^,Q,a) be the l.c.s. nilmanifold described above. 
All the Lichnerowicz-Novikov cohomology groups H* {Q* (N'^^'^'^) , d^a) van- 
ish, if k ^ 0. Consequently for k ^ all the groups E^'^, r > 1, of the 
associated spectral sequences vanish, unless q = n and r = 1. The group 
E"^'" is infinite dimensional for all < p < n. 

Proof. The first assertion of Proposition 17.11 is a consequence of a result due 
to Millionshchikov, who proved that the Lichnerowicz-Novikov cohomology 
groups H*{0,*{M),dg) of a compact nilmanifold M always vanish unless 6 
presents a trivial cohomology class in H^{M,M.) [24^ Corollary 4.2]. The 
second assertion of Proposition 17.11 for E"^'^ is a consequence of the first as- 
sertion, combining with Lemma l4.ll and the exact sequence (j4.12p . Since 
= da{z), applying Theorem 15.21 we obtain the second assertion from the 
first assertion combining with the particular case r = 1 proved above. The 
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third assertion follows from Lemma 14.11 and from the ellipticity of the op- 
erators , see the proof of Proposition 13.131 This completes the proof of 
Proposition 17.11 □ 

Now we shall show an example of a l.c.s. 4-manifold Mfc.„, which is an 
Inoue surface of type S~ , whose primitive cohomologies are non-trivial, and 
we will explain an implication of this non-triviality. The 4-manifold M„ ^ 
has been described in [Ij, |2j, [26], Here we follow the exposition in 
Let Gk be the group of matrices of the form 



/ e'^^ X \ 

e-'^^ y 

1 z ' 

\ 1 / 

where x,y,z and A; G M such that -|- G Z \ {2}. The group Gk is 
a connected solvable Lie group with a basis of right invariant 1-forms 

(7.1) dx — kxdz, dy + kydz, dz. 

There exists a discrete subgroup Tk C Gk such that Nk = Gk/Tk is 
compact. The basis ()7.1I) descends to a basis of 1-forms a,f3,j on N^- The 
forms 7 and a A/3 are closed and their cohomology classes generate (M, R) 
and H'^{M,R) respectively. 

Now let A G M be a number such that X[a A /3] G H'^{M,Z). For given 
k, n denote by M^^n the total space of the S'-'^-principal bundle over with 
the Chern class nX[aA(3]. Let 77 be a connection form on M^^n, equivalently 

(7.2) dr] = nX{aAl3). 

For simplicity we will denote the pull back to Mk^n by the projection Mk^n —5" 
Nk of a form 9 on Nk again by 6. Banyaga showed that Mk^n possesses 
many interesting l.c.s. structures. Here we consider only two l.c.s. forms 
d-k-yT] = nX{a A 13) — kj A 7] and dk-yf] = nX{a A (3) + k^ A rj discovered 
by Banyaga [2, Remark 2]. Note that Mk^n carries no symplectic structure, 
since i?^(Mfc^„,R) = [T|. Since Mk^n is compact, the Hodge theory applied 
to d±^ yields that H"^-' {Q* {Mn,k) , d^k^y) = H'^^K^*{Mn,k),d±k'y)- Since 
[±^7] 7^ G H'^{Mn^k-,R)i the Lichnerowicz deformed differential d±kx is not 
gauge equivalent to the canonical differential d. Hence {Q.* {M"^^) , d±k'y) = 

0. Denote by ^'^(M^") the space of primitive forms corresponding to the 

1. c.s. form d±k'yr]. Corollary EH yields that H^{V^{Mk,n),d%i^^) = for 
all I / 0, and i?0(P^(M2"), d) = M. 

Proposition 7.2. 1. H^{n*{Mk,n),d±ky) = M- 

2. H^{n*{Mk,n),d±ky)=R■ 
3. H\Vl{Mk,n),d+ )=R^. 
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Proof. It is known that M^^n is a complete solvmanifold. Indeed, the algebra 
Qk^n of the corresponding solvable group possesses the basis {X, Y, Z, T) dual 
to (a, /3,7, ry) with the following properties or see (|7.5p and (I7.6P below. 

(7.3) [X, Z] = kX, [X, Y] = -nXT, [Y, Z] = -kY, 

(7.4) [X,T] = [Y,T] = [Z,T] = 0. 

Using ()7.3p and (j7.4p we observe that the Lie subalgebras (T)^ C (T, X)^ C 
(T, X, y)]R are ideals of Qk,ni so M^^n is completely solvable. Now we apply 
the result by Millionshchikov \24\ Corollary 4.1, Theorem 4.5], which reduces 
the computation of the Novikov cohomology groups of a compact complete 
solvmanifold G/T to the computation of the induced Novikov cohomology 
groups of the Lie algebra q of G. For our computation it is useful to rewrite 
(j7.3p and (|7.4p in the dual basis of 0^ ^, or using the explicit formulae for 
a,/3,7,r/ given in (j7.ip . (j7.2p above to obtain 

(7.5) da = -ka A 7, d/3 = A 7, 

(7.6) ^7 = 0, dr] = nX{aAl3). 

1. Abbreviate d±k'y as d±k- Using (j7.5p and ()7.6p we get 

(7.7) d±ka = {k± k)-/ A a, d±kf^ = {-k ± A;)7 A /?, 

(7.8) 7 = d±k{±l/k), d±r] = nX{a A (3) ±k-f At]. 

Using (I7.7P and (17. 8p it is easy to compute that a is a generator of H^{Q*{Mk^n), d-k), 
and /3 is a generator of H^{^*{Mk^n),dk)- This proves the first assertion of 
Proposition 17.21 

2. For computing H'^{Q*{Mk,n), d±k) we use (f77p . (f7?8ll . and the following 
formulae 

(i±fc(a A /?) = ib/ca A /3 A 7, 
d_fc(aA7) = 0, 4(/3A7) = 0, 
(i±fc(a A ?y) = {-k ± k)j A a A ry, (i±fc(/3 Arj) = {k± k)j A /? A r?, 

'^±fc(7 A ry) = — nAa A /? A 7. 

It is easy to see that a A r/ is a generator of i/^(r2*(Mfc „), d_jt) and /? A 77 
is a generator of H'^{Q*{Mk^n)idk)- This proves the second assertions of 
Proposition 17.21 

3. The third assertion of Proposition 17.21 is a consequence of the first 
assertion and Formula (j3.24p . This completes the proof of Proposition 17.21 

□ 

In the remaining part of this section we study some properties of primi- 
tive cohomology groups of l.c.s. manifolds associated with a co-orientation 
preserving contactomorphism. We show that the l.c.s. solvmanifold stud- 
ied before is an example of a l.c.s. manifold associated with a non-trivial 
contactomorphism. 

Let (M^""*"^, a) be a co-orientable contact manifold and / be a co-orientation 
preserving contactomorphism of (M^"~*'^,a), i.e. f*{oi) = ■ a for some 



40 



HONG VAN LE * AND JIRI VANZURA ** 



h G C°°(M2"). The mapping torus M|"+2 ^ ^ [0, l])/([2;,0] = [/(x), 1]) 
of a contactomorphism / is a fibration over whose fiber is M^""^^. Let 
us denote this fibration by vr : M|"+^ ^ with 7r~i(s) = [M,s]. Let 

ft : Mj"""*"^ — )• Mj^'^'^ be a 1-parameter family of diffeomorphisms defined 
by: 

s]) = [x, s + t mod 1] for t G M. 

In particular fi([x,0]) = [f{x),0]). Let us also denote by a the contact 
1-form on [M, 0] obtained by identifying M with [M, 0]. Let i3 be the vector 
field on MJ"+2 defined by B{[x, s]) = {d/ dt)\t=Qft{[x, s\). Since /*(a) = e^a 
the following 1-form a 

(7.9) «(x,t)|,-i(i) := e-*'^^-) = 0. 

is well-defined on M^"''''^, moreover 

/t*(")|7r-i(i) = "k-i{0) foi' ah < t < 1. 

Set := 7r*(dt). 

Proposition 7.3. (^c/. ^ Proposition 3.3.]J i. Assume that (M^"'+-'^,a) 

is a compact co-orientable contact manifold and f is a co- orientation pre- 
serving contactomorphism. There exists a positive number cq such that 
{Mj"'~^'^,ujc := da + c9 A a,c6) is a l.c.s. manifold for all c > cq. 

2. Assume that f preserves the contact 1-form a. Then {Mj^~^'^,u} := 
da -\- A a, 9) is a l.c.s. manifold. 



Proof. 1. Clearly ()7.9p implies that rkda > rkda = 2n. Using this we 
conclude that there exists a positive number cq such that rk duc = 2n + 2 
for all c > Co, since M^""^^ is compact. Further, d{c6) = and ujc = dce{(y)- 
This proves that {Mf+'^,ujc,ce) is a l.c.s. manifold. 

2. Assume that f*{a) = a. Then a{[x,t\)^-i(j_^ = /iH^a. It follows that 
rkda = rkda = 2n, and rkcoi = 2n + 2. Hence wi = w is a l.c.s. form, 
taking into account lo = dga. □ 

Proposition 7.4. 1. Suppose that /o and fi are co- orientation preserving 
contactomorphisms of a compact co-orientable contact manifold (M^"+-'^,a). 
The l.c.s. manifolds M^^"*"^ and Mj^~^^ are diffeomorphic, if fa and fi are 
isotopic. For sufficiently large number c the primitive cohomology groups of 
{Mj^^'^,ujc,ce) and of {Mj^'^'^,uj'^,ce) are isomorphic. 

2. Let 9 be the Lee form of the associated l.c.s form on M'j'^^^ . If f is iso- 
topic to the identity, the Lichnerowicz cohomology groups H* {^l* {Mj^^'^) , dee) 
are zero, for any c ^ 0. 

Proof. The first assertion of Proposition 17.41 1 is well-known. The second 
assertion of Proposition 17.41 1 is a consequence of Theorem 14.61 observing 
that uic — uj'c = dce{a — a'). 
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Finally Proposition 17.41 2 follows from the first assertion, combining with 
the fact that the l.c.s. manifold (M^"'"'"^ x 5"^, dga, 9) associated to the iden- 
tity mapping of the contact manifold (M'^""'"^, a) has vanishing Lichnerowicz- 
Novikov groups, taking into account the Kiinneth formula and the formula 
H*{Q*{S^),dcdt) = if c / 0. This completes the proof of Proposition 
El □ 

Now we shall show that our l.c.s. manifold {Mk^n,dk-yi], k^) is a mapping 
torus of a non-trivial co-orientation preserving contactomorphism. First we 
prove the following 

Proposition 7.5. Assume that j is a closed 1-form on a compact smooth 
manifold M. // [7] G H^{M,Z) and 7 is now-where vanishing, then there is 
a submersion f : M ^ such that f*{dt) = 7, where dt is the canonical 
1-form on . 

Proof. We use Tischler's argument in [28]. Since is the Eilenberg-Maclane 
space there exists a map /i : M — )• 5-^ such that f*{[dt]) = [7]. Without loss 
of generality we assume that / is a smooth map. Hence we have f*{dt) = 
'j+dh for some smooth function h on M. Now we observe that fl{dt) + dh = 
(/i + n o h){dt), where H : R — t- S"^ is the natural projection. Clearly the 
map / = /i+no/iisa submersion, since 7 is no-where vanishing. This 
completes the proof of Proposition 17.51 □ 

Now we are ready to show the following implication of Proposition 17.21 

Theorem 7.6. The l.c.s. manifold (M^^^, ^^.^7/, /c7) is a mapping torus of a 
coorientation preserving contactomorphism f of a 3-dimensional connected 
contact manifold. Moreover f is not isotopic to the identity. 

Proof. Since H^{Mi^^ni I^) = 1^ ilj; and d'^ = 0, there exists a positive number 
p such that ^[7] is a generator of i7-^(Mfc^„, Z) = Z = //om(-ffi(Mfc^„, Z), Z) 
P Chapter VI, 7.22]. Applying Proposition [73] we conclude that Mi^ „ 
is a fibration over whose fibers are the foliation J^i := {7 = 0}, and 
f*{dt) = p • 7, since 7 is nowhere vanishing. Denote by vr : M^^n the 
corresponding fibration. Note that the restriction of rj to each fiber 7r~^(t), 
t G 5^, is a contact form, since X, Y, T are tangent to the fiber and we have 
r?(T) = l, dr?(X,y)/0. 

First we will show that the fiber F := it ^{t), t £ S^, is connected. Let 
us consider the following exact sequence of homotopy groups 

(7.10) 7ri(Mfc,„) ^ 7ri(5i) ^ noiF) ^ = ^o(Mfe,„). 

To show that vro(F) = it suffices to prove that the map vri(Mfc^„) — t- 
7ri(5^) is surjective. Since ^[7] is a generator of i7^(M,fc^„,Z) there exists 
an element a G i?i(Mfc^„,Z) such that {p[y],a) = 1. Since ([dt], 7r*(a)) = 
{p[y],a) = 1, it follows that vr,,, : i/i(Mfc^„,Z) — )■ Hi{S^) is surjective. Hence 
TT^ : TTi{Mk,n) — >■ ^i('S'^) is surjectivc. Hence F is connected. 
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Now let ft denote the flow on M^^n generated by the vector field Z. We 
note that Czi'y) = d{'y{Z)) = 0, so ft respects fibration vr. Next we have 
^ziv) = Z \nXa A 13 + d{r]{Z)) = 0. Hence ft preserves also the contact form 
on the fiber F. This proves the first assertion. 

The second assertion is a consequence of Proposition 17.21 and Proposition 
17.41 This completes the proof of Theorem 17.61 □ 
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